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the sun

diameter: 1 million km = 10° m
temperature: 10 million degree = 107 °C

the atomic nucleus

diameter: 10 fermi = 10 ?m

Atom Nucleus

the Quark-Gluon Plasma

; \\a \ :._
NS4 temperature: 1012 °C
G
/ _ Ordinary
' nuclear
electrons quarks  gluons matter
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The electromagnetic force
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The electromagnetic force | The strong force

Quantumchromodynamics

-~ (QCD)
@ @A/vquarks

@ T~ gluons

key properties:

chiral symmetry breaking
— light Goldstone particle - pion

confinement
— colorless bound states —. hadrons

asymptotic freedom
— weakly interacting at short distances

— quark-gluon plasma
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The confinement — deconfinement transition

confinement <« hadrons

— stick together, find a comfortable distance
— controlled by the "confinement potential”

Vaq(r) = ga(r) For

deconfinement < quarks&gluons

— freely floating in the crowed
— do not care what color your neighbor has

screening, color is neutralized on the
average over a (short) distance

This transition happens abruptly: (almost a) PHASE TRANSITION
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SRR UGS  The “phase” transition from
' the quark - gluon plasma to
ordinary (hadronic) matter

— N =

fy o Z Y~ 1/100.000 seconds after the
q -’g—ﬂ i - big bang quarks and gluons

gvgt\s\’ recombine to hadrons

SRLE

gt1_¢8 "freeze-out"” of hadrons

gg 9y (protons, neutrons,..)
& T

2 the temperature at this time was

about 100.000 times that of the
Interior of the sun

Key: W,Z bosons A/\ photon the confinement of quarks and

9 quark ) meson B calaxy gluons happened "suddenly", i.e.
uon @ ® barvon - py . ” .-

g 9 B Ebaon o star almost in a phase” transition

@ electron .
## ion
muon Ttau
s (o] F-Ted ¢

V neutrino C@D atom #” hole | Particle Data Group,




Simulating strongly interacting matter on a
discrete space-time grid (lattice QCD)

T
i

{“‘f;.é

Kenneth G. Wilson

1974
Monte Carlo simulation
1/T NTa 1979
% Vv 1/3 =N6a > —«l; - 4)—

partition function:
Z(V,T,pn) :/DAD?#D@E e SF |

O quark A gluon

1/T )
Sg = / dxg / d*x E'E(Aa Y, P, M)
0 \%4

T: temperature  V:volume [ ¢ chemical potential
F. Karsch, CCS International Symposium, Tsukuba 2020 11
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Simulating strongly interacting matter on a
discrete space-time grid (lattice QCD)

—
\\\ \\\ \\, \ \ the lattice: N2 x N
7 lattice spacing: a

1/T=N_a THE fermion
determinant:

source of all
problems

s o (10°) grid :
Z(V,T, p) Z/DA DetM (A, p) e ¢ points

{9 (10°) d.o.f./

partition function:
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Dealing with the fermion determinant

partition function again:

Z(V,T) :/DA_/Hd?ﬁnd?Zn B M(Am) nm o o—Se

fermions / X

(anti-commuting) "fermion matrix"

:/DA DetM (A, m,) e3¢

/ \ “importance

sampling”

bosons
(commuting)

_ —1
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Exploring the phase diagram
--- two major challenges--

ALICE, RHIC

) the chiral phase transition T A
— need to approach

1) the critical point at high density

— numerical calculations at
non-zero baryon density

— - standard numerical algorithms

fail (sign-problem);

vanishing quark masses 774 . /").n use Taylor expansion techniques
— I oM oM OM
TrM c = ey s, MM M
: T, pg*) [25z; KB [75:;
~ computational cost / T .
for matrix inversion m ZMq — O Y (T mp)
diverges formg — O 2" order
N
e

Random Matrix Model

QCD
NJL

IB

A. Halasz, A.D. Jackson, R.E. Shrock, M.A. Stephanov,
J.J.,M. Verbaarschot, Phys. Rev. D58 (1998) 096007

M. Stephanov, Phys. Rev. D73 (2006) 094508

M. Buballa, S. Carignano, Phys. Lett. B791 (2019) 361
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Computational cost of a QCD calculation is dominated by the cost to invert
the fermion matrix M, using e.g. the CG-algorithm

1/2
[cost - mﬂ-zﬂ-v5/4a 7} My ~ My, pion

mg : quark mass

~ 2000 : 2z, ~6

A. Ukawa (2001) "Berlin wall*  A. Ukawa for CP-PACS and JLOCD

= ah N = - . a=0.1fm
L=3fm QCD with Nf 2+1 dynamical quarks 160 ‘sanfigurations

:1(6] 10 | ! : ! ! !
2 1 ! , ! |
fg} « both a 10% increase in computing
- o j Required amount: of power and spectacular algorithmic
*-— ?-2?;‘):1'"‘;:;"“3 " advances are needed before a useful
nature p ) ; interaction with experiments starts
m,. = 140MeV " 1 taking_ place.."
4 b N Wles —r scaling law -] (K WI|SOﬂ, 1989)
m,
5 i | = need Exaflop computers
Best calculatibn
: __ around_2001 |
= 0 160 2 260 300 460 .560 560 760 8l'|JD

m (MeV)

F. Karsch, CCS International Symposium, Tsukuba 2020 15



Computational cost of a QCD calculation is dominated by the cost to invert
the fermion matrix, using e.g. the CG-algorithm

1/2
[COSt ~ mﬂ-zwv5/4a 7] My ~ mq

mg : quark mass

pion

~ 2000 : 2z ~6

A. Ukawa (2001) "Berlin wall* A, Ukawa for CP-PAEC_SDa{lfdeLOCD improvement with time
_ R ARl PR ONES. ol con) ST T T T
2110 : ) ir T g g T T\ e Machine
éo). | : E | N o Ma > g
= 8 . | Required amount of “n
<= Ccomputing time in g‘ = =
* 0 5 = =
nature h | TFlops*years (3[1)8) = =
| J:’\ - = =
m, = 140MeV { K T 5 104 E =
: : ; -+ = =
4 B g o — scaling law o — (3y) = =
3
:m]z v 10
Best calculation
around 2001 10 RN T
300 1987 1995 2000

00 160__ 260 300 460 560 560 760
m (MeV)
today we passed the wall: calculations can be done at M., ~ mfrhys/3

year
K. Jansen
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needtosolve: M - = b

preconditioned CG

To =b— Mw()
20 = P_l’r‘()
Do = Z0
k =0
repeat
’l”k Zk
(8% = T
Dy Mpy,
Th41 = T + OpPk
Thk41 = 71 — apMpy
1f(rg+1 < rtoll) exit
Zk41 =P 'rpq
z,f_H'r +k+1
B = .
Pk+1 = Zkp+1 + BkPk
k =k+1
end repeat

use, e.g. the Conjugate Gradient algorithm

condition number K controls #iterations
needed for CG to converge:

K = (max. eigenvalue) / (min. eigenvalue)

A’I’I’LCLQL'

K =
)\min

improvement of the CG solver
&> try to reduce condition number

— preconditioning, solve P~*(b — Mz) = 0
— multigrid

— multi-boson algorithms

— deflation

https://en.wikipedia.org/wiki/Conjugate gradient_method

F. Karsch, CCS International Symposium, Tsukuba 2020
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needtosolve: M - = b

use, e.g. the Conjugate Gradient algorithm

. L s 1 ' ] ' [
preconditioned CG 1e-02 | .
16-04 Conjugate Gradient no deflation -
To = b — MZB() ) . Ney = 20 |
» 16-06 '\ deflation N,,= 40 - |
20 = P 1o Ng, = 60 -
1e-08 | Ne" 80 . 1
Po =20 1e-10 | ]
k =0 le-12 |
T 2k ’ | | iterations | , , |
Ok — T e1e 0 500 1000 1500 2000 2500 3000 3500
Dy Mpy,
Tr41 = T + QP 1000 ' -
Tk+1 = Tk — apMpyg  GFlop/s
tf(re+1 < rtoll) exit 800 |
-1 I
z =P 'r _ KNL o
k41 T kt1 600 | Conjugate Gradient K20 o
_ ZepaTtk+1 O(100) | multiple right- 0
/Bkz — T ) Ivy Bridge e
Zj Tk speed-up 400 | hand sides |
Pk+1 = Zp+1 + BrPr
IC — kf —l— ]. 200 7 p32, ECC, single node ]
end repeat Bl #right-hand sides

0
https://en.wikipedia.org/wiki/Conjugate gradient_method

5 10 15 20 25 30 35 40 45
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Critical behavior and higher order cumulants

- Taylor expansion -
P
Taylor expansion of the QCD pressure: T1 = Qs LS)
- oo N
Z BQS( T) HaQ Ks
v]vkv Xijk T T
\_ 1,7,k=0 )

_ _ cumulants at vanishing
cumulants of net-charge fluctuations and correlations: chemical potential

itjtk 4 provide information on
XBQS _ 0 P /T fix = HXx the equation of state

ijk Oii% O~ 00k o
HpOHQOHg

0 T at small non-zero
BB,Q,5= chemical potential

chiral order parameter and its susceptibility:
(YY) = (TrM ™), xais = ((TrM™1)?) — (TeM~1)?

—(1-1/8) . . .
m; divergence signals phase transition

Y

F. Karsch, CCS International Symposium, Tsukuba 2020 19



Critical behavior and higher order cumulants
- Taylor expansion and universality -

P
Taylor expansion of the QCD pressure: 71 =

“Qv“S)

s ~ N
I _ 1 295 (T) ( ) (MQ) (Hs)
T4 Z —~ iljk! Xijk T T

\ ?’7.77 - /

0.2

0.11

8 0B B8 4L ] bil ,* PDGHRG — |
il ‘A ] QM-HRG —
0.15 | P i 0.09 | Ng=6 A
& 0.12 - hotQCD 'éﬁ 1 oos | 8
, “cont. extrap. W 01 | preliminary 4 | i 12 -+
PDG-HRG — : cont. extrap. 0.07 %
ShLal QM-HRG — | 0.08 | PDG-HRG — | 0.06 | o
N‘C= 6 A QM-HRG - - : @
. 0.06 |- NT:}g z T 0.05 |
0.05 t 12 g 1 0.04 | 8 = 0.04 |
[
002 | g sicpt | 0.03 | £
. ‘ . ‘ T‘[MeV] . F . ‘ ‘ T [MeV] oo : ‘ : ; T‘[MeV]
130 140 150 160 170 180 130 140 150 160 170 180 190 200 e 140 150 160 170 180

—some 2" and 4" order cumulants in (2+1)-flavor QCD
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Calculation of cumulants of conserved charge
fluctuations

state-of-the-art calculations on GPUs 4 . . )
each data point requires
0.035 j 150 156.5 165T[MeV] 0(10 Million)
0.03 | matrix " inversions
0.025 | +
10s | matrix size: ~ 10° x 10°
0015 ~100 non-zero entries per column
| i 20 PFlops=20x10" Flops
0.01 ¢ lattice sizes: 8 ‘M | 18688 GPUs
_ 3 o
0.005 | (4N7)” X N e -
o TiMevl,

~ 2 million GPU-hours = 230 GPU-years
= 6 days on Titan

F. Karsch, CCS International Symposium, Tsukuba 2020 21




The Chiral PHASE TRANSITION In
(2+1) -flavor QCD

oOlnz # _
() ~mg———  |" e e |y = (M + ma) /2
8’rn'l S 2@3 Bg 27 140 o | = 0
A, ® 40110 —o~ - .
5| v v ﬁ 2@ ; ol | Mg fixed, physical
2 &
- h 160 | 55
msc’? (’9ml 10 | N8 v ® “a /s
2:0(Y9)/ RN T(pyp) /0T
magnetic” | N R “mixed”
. a s
susceptibility . . susceptibility
0.79 0 .
~ (ms/my) 130 135 140 145 150 155 160 165 170 175 180 ~ (ms/ml)0'34
(160/27)°7 ~ 4* (160/27)%-34 ~ 1.8
700 T . . 120 . . . . . .
M ||||Ill..qi mg/m;| m_ [MeV] -ToM/aT ’,,nm.\ mg/m, = 20
600 | ‘? \ 20 160 ~== 1 I / AN 27 ]
| \ 100 / \
500 | s f ‘5;\ 27 (140 ~o~ | "! *** ‘::" ...... . % m
‘_ / \ 40 {110 6~ go| " / \ ~"‘I. 80 1
400 | f’ T 80| 80 = | | \ '\l 160 I
y 4 ¥ 160 | 55 o 60 | / \ ll
300 | / « a\N \
200 | M e e 40 / \
& * o : 5—8 @ f \
100 } & g %E! =& o= 20 t “‘..
BB - T[MeV] T [MeV] '

0
130 135 14(} 145 150 155 160 165 170 175 180

0
130 135 140 145 150 155 160 165 170 175 180
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Chiral PHASE TRANSITION temperature

700 ; - ' ' 25 . . . : . . : . :
AM llll-...'\‘k mg/m, | m_ [MeV] M mg/m, | m_[MeV]
600 | ld‘ \ 20160 ~=~ ] 20 | @; o m 20 [160 -
_ f ¥ 27140 o~ | ¢ .0 "g 27 (140 &~
500 | N8 / \ s o
/ \ 40 | 110 o~ 206 @ g 40 |110 o~
400 | f’ at—y  \ 80| 80 —&— | 15 | Wv&_ ® 80| 80 ~4-~
yoos Z\ 160 | 55 ~— % R R
300 | / A N | 10 t N=8 v " e g
.‘& @__.----"@ """" . A A 2, o
200 | g e ol ! Y. A =
& © © ‘
&9 S ) B B g 5t ® o @ =
100} —° o @ae® o . A 0
; 3= T [MeV] T [MeV] T
L L L L L L L Il L U L | L 1 L L L L L
130 135 140 145 150 155 160 165 170 175 180 130 135 140 145 150 155 160 165 170 175 180

160 T T I

<—— TP = (156.5 &+ 1.5) MeV

A. Bazavov et al [HotQCD],
arXiv:1812.08235

155
150

145

chiral limit extrapolation

— T° = 1327 MeV

140

_%..--——'"?—:

] H.-T. Ding et al [HotQCD],
| . arXiv:1903.04801

(0] 0.01 0.02 0.03 0.04

135

130

H=mymg

125
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Pseudo-critical (crossover) temperature

Taylor expansion of chiral susceptibility:

Xm(Tspup) = msc’?(ww) xn (T, 0) + —Cz 5 (T) ( ) + O(pg)

omy
20 — : : : 1 : :
15 [ C3/2 N, =12 = ,
8 -
10 | ; "B
[ 3 - Tpc
0 1 |
5 o T.MeV]  crossover line: O(yd)
! i ] e [de [MeV crossover line: O(u
10 b HQ = HS = 0 } i . ; 170 i cous‘st.ant.:ﬂf i
-15 | : } _ 165 s ® |
' T [MeV] - freeze-out: STAR ‘e
90 L - - : - 160 ALICE = -
135 145 155 165 175 Tl S S e N i
150 _ """"":*:':;:::;::E;E
10 —— : : : : , 1 _ o + _
- . ]
S 1 N
¢ 140 i ip [MeV] ]
{]-.[f 4 ' _ * 1 s S T S
? 0 a0 100 150 200 25[] 1[]{] 35[] —l”[]
=5 |
.ur(? = Jul'.'; = {] _'.?\"ri- - ].2 HH
-10 8 m
T [MeV] 6 -
-15 - - . .
135 145 155 165 175
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Pseudo-critical (crossover) temperature

Toc(tB) = Tpe | 1 + K2 T + ...

pcC
1?5 " I " ) " ) N ) N ) " I " I "
170 T, [MeV] crossover line: OQ(u7;)
I constant: €
A. Andronic et al., 165 | s B
Nature 561 (2018) - freeze-out: STAR e |
321 \m ALICE = 1
R 1 hadrons freeze-out
150 L | on the pseudo-critical
o 1 line of the QCD
ST ng=0,%2=04 1 phase transition
140 +
_ g [MeV] _
135 . i . I . I . I . I

0 o0 100 150 200 25{1 :‘;{l{] 35[1 -l{l[l

Tpe = (156.5 & 1.5) MeV (158.0 &= 0.6) MeV

ke = 0.012(4) 0.0153(18)
A. Bazavov et al [HotQCD], S. Borsanyi et al.,
arXiv:1812.08235 arXiv:2002.02821
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Explore the structure of matter close to the QCD transition
temperature using fluctuations of conserved charges

[ baryon number, strangeness, electric charge ]

High T: ideal gas l Low T: HRG l

ideal m=
fractional charges integer char
baryon number:. B= +/- 1/3 baryon number: B= +/-1
electric charge: Q= +/- 1/3, +/- 2/3 electric charge: Q=0=+/-1, +/- 2
strangeness: S=+/-1 strangeness: S=0,+/-1,+/-2,+/-3

F. Karsch, CCS International Symposium, Tsukuba 2020 26




Ratio of baryon number — strangeness correlation and
net strangeness fluctuations

state-of-the-art calculations on GPUSs

change from correlated quark flavors

0.35

BS,.S | ~ free quark gas inside hadrons
- %11 /%2 ) o § A Y
0.3 t ’ to almost uncorrelated quark flavors in
the quark gluon plasma
0.25 |

-0.005

PDG-HRG 1
QM-HRG - - | -0.01 ¢

Too lattice sizes: _i -0.015 |

0.2 r

0.15 | _

e | | | TIMeVl] g5 |
140 160 180 200 220 240 03
-0.035 |
-0.04 |
leals 1 N 2 x U -0.045 |

VS T g T als 005 0 ]

X2 3 3 X3 120 140 160 180 200 220 240
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Equation of state of (2+1)-flavor QCD: up/T > 0

Taylor expansion in the chemical potentials

. . D
S Bos (KB (Ha) (ps)"
! 'k'x"’f'”" T T T
1’7.79’4:0 / / Y,

constrained by external (boundary)
conditions, e.g.

— vanishing strangeness
— fixed electric charge to
baryon number ratio

P(T,pg) P(T,pp=0) = 1 _ pe\"
T4 o T4 + Z n! S(T) ( )

n—2

n-th order coefficients require n inversions of the fermion matrix,e.qg.
_B L, OM L OM _,OM
X, ~ TeM™"—M"™ M T ——
oup BMB ouB

F. Karsch, CCS International Symposium, Tsukuba 2020 28



Equation of state of (2+1)-flavor QCD: pup/T > 0

P(T,pp) _ P(T,0) N x5 (HB)z(l L1 Xz <u3>2

T4 T4/2 T 122\ T

4
. 1 B B
variance of net-baryon + X% -
number distribution 360 x5 \ T
6
+ O(NB) )
kurtosis*variance
E ] ! ] ! ] ] 14 T T T T T T T T T
i [ ng=0, ng/ng=0.4 e A e
E 12__ = stout, imag. ug
E ol
5 !
i 8
I:I_. B
£ i HISQ, real pg
E’ 4_ Ea"l'":pa.u"l'; 20 W __
o ! ]
o [ 3P/T*: up/T= 20 M@ |
0
0 1 1 0 | | | | | I | I |
140 160 180 200 220 240 260 28
T[Mg\,.l'] 140 160 180 200 220 240 260 280

T [MeV]
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Crossover transition parameters

PDG: Particle Data Group hadron spectrum

1

QCD mm=

£ [GeV/im”] PDG-HRG —
0.8 |
06 | To |
T, = (156.5 = 1.5) MeV

0.4 | - ]
; €. = (380 + 120)MeV /fm®

02t |° ]

. , , | T [MeV]

130 140 150 160 170 180 compare with:

ehucl mat- ~ 150 MeV /fm°
A. Bazavov et al. (HotQCD) , enucleon ~ 450 MeV/fm3

Phys. Rev. D90 (2014) 094503
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Crossover transition parameters

dense packing of spheres (DPS)

PDG: Particle Data Group hadron spectrum
DPS —0 74€nucleon

~ 330 MeV /fm*®

1 .
QC

e [GeV/im’ S (R, ~ 0.8fm)
0.8 P
overlapping hadrons = QGP ??
0.6 |
T, = (156.5 = 1.5) MeV
0.4 |

€. = (380 4+ 120)MeV /fm®

| , T [MeV]
150 160 170 180 compare with:
enucl- mat- ~ 150 MeV /fm®
A. Bazavov et al. (HotQCD) , enucleon ~ 450 MeV/fm3

Phys. Rev. D90 (2014) 094503
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Phase diagram of strongly interacting matter

ALICE, RHIC

pseudo-critical
temperature

\T

(156.5 + 1.5) MeV %

chiral phase transition
temperature

13212 MeV

A

pseudo-critical temperature
drops by 15% when
approaching the chiral limit

m # 0

-
-
-

the critical point is

v

m.= 0
2nd éorder

O

likely to be located at
T < 130 MeV

"critical" energy density

KIB

- 120)MeV /fm®

€. = (380 4

transition occurs at roughly constant pion number density 7, ~ 0.12 / fm°

32
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Conclusion

We start getting a complete
picture of the QCD phase

diagram at (not so) small values
of the baryon chemical potential;

The existence and location of the QCD
critical point remains to be puzzling

F. Karsch, CCS International Symposium, Tsukuba 2020 33



all data shown are based on work done by the
HotQCD Collaboration

A. Bazavov, D. Bollweg, H.-T. Ding, P. Enns, J. Goswami, P. Hegde,
O. Kaczmarek, F. Karsch, N. Karthik, E. Laermann, A. Lahiri, R. Larsen,
S.-T. Li, Swagato Mukherjee, H. Ohno, P. Petreczky, H. Sandmeyer,
C. Schmidt, S. Sharma, P. Steinbrecher.......

F. Karsch, CCS International Symposium, Tsukuba 2020
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