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Chapter 2

Review of effective interaction for the shell
model

In this chapter, we review the various theories of the effective interaction of the nuclear force, focusing
on the renormalization scheme related to the effective interaction for the shell model.

Nuclear shell model is a configuration interaction method, which is based on usually two-body
interactions and single-particle energies.

Nuclear shell model starts from the following second quantized Hamiltonian,

H =
∑

i

ϵia†i ai +
∑

i jkl

Vi j,kl a†i a†jalak. (2.1)

The input parameter is the single particle energies ϵi and the two-body interactions Vi j,kl. Then, we
calculate the Hamiltonian of many-body states, and diagonalize it to obtain the eigenenergies and the
wave functions.

The creation (annihilation) operators create (annihilate) the nucleons in some discrete orbits. Usu-
ally, these orbits are defined as the eigenfunctions of the harmonic oscillator or the Woods-Saxon
potential, for example. Nuclei have several tens of nucleons typically, which usually give rise to in-
tractably large dimensions. Therefore we have to restrict ourselves to the finite small dimension, to
diagonalize the Hamiltonian matrices. We define a subspace of whole Hilbert space which is called
the model space, where the nucleons can move inside. We also in many cases consider a frozen-core
states like 16O, whose degrees of freedom are killed. As an approximation, the particles are assumed
to move only outside of the core, because these degrees of freedom are enough to explain many
part of the properties of the nuclei heavier than the core. This assumption enlarges the region of the
calculation drastically as well.

Therefore, we have to determine the suitable parameter ϵi and Vi j,kl appropriate to relevant degrees
of freedom. Once we have a reliable Hamiltonian, we can calculate the Hamiltonian of many-body
states and diagonalize it, to obtain the binding energies, wave functions, the strength of the transitions
and the other various useful physical quantities. These parameters are often called effective interaction
for the shell model calculations.
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Many-body perturbation theory
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3.2 Extended Kuo-Krenciglowa method in many-body system

Here we derive the effective Hamiltonian Heff of the Extended Kuo-Krenciglowa (EKK) method, with
an emphasis on its similarity with the KK method discussed in the Chap. 2.

3.2.1 Derivation of the Extended Kuo-Krenciglowa method

We consider first the general situation where the energies of the valence single-particle states in PH0P
are not necessarily degenerate. In this case, we have to apply the EKK formula Eq. (3.6) to our many-
body systems.

We start from the Hamiltonian in many-body system,

H = H0 + V

=
∑

ϵαa†αaα +
1
2

∑

αβ,γδ

Vαβ,γδa†αa†βaδaγ, (3.11)

We can confirm that, in order to derive Eq. (3.6), we need to change the decomposition Eq. (2.53) of
the Hamiltonian in the KK method. Suppose we decompose the total Hamiltonian into the following
unperturbed Hamiltonian H′0 and the perturbation V ′

H′0 = PEP + QH0Q

V ′ = V − P(E − H0)P, (3.12)

or in the matrix form,

H = H′0 + V ′

=

⎛
⎜⎜⎜⎜⎜⎝
E 0
0 QH0Q

⎞
⎟⎟⎟⎟⎟⎠ +

⎛
⎜⎜⎜⎜⎜⎝
PH̃P PVQ
QVP QVQ

⎞
⎟⎟⎟⎟⎟⎠ , (3.13)

where H̃ ≡ H−E. With the above unperturbed Hamiltonian H′0 in Eq. (3.12), we can treat the P-space
as being degenerate at the energy E, and therefore we can follow the derivation of Eq. (2.86) in the
KK method, to achieve

H̃eff = H̃BH(E) − Q̂′(E)
∫

H̃BH(E) + Q̂′(E)
∫

H̃BH(E)
∫

H̃BH(E) · · · , (3.14)

which is then converted into

H̃eff = H̃BH(E) +
dQ̂(E)

dE
H̃eff +

1
2!

d2Q̂(E)
dE2 {H̃eff}2 + · · · . (3.15)

The point is that the derivative of Q̂-box is the same as derivative of HBH. Since the Q̂-box include
the interaction of QVP,PVQ and QVQ, all the interaction vertices are not affected by the shift of
unperturbed Hamiltonian from H0 to H′0.

2.2. Renormalization of the medium effects 21

1, · · · ,D): ⎛
⎜⎜⎜⎜⎜⎝
PHP PVQ
QVP QHQ

⎞
⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎝
|φλ⟩
|ρλ⟩

⎞
⎟⎟⎟⎟⎟⎠ = Eλ

⎛
⎜⎜⎜⎜⎜⎝
|φλ⟩
|ρλ⟩

⎞
⎟⎟⎟⎟⎟⎠ , (2.22)

where |φλ⟩ = P|Ψλ⟩ is the projection of the true eigenstate |Ψλ⟩ onto the P-space. The Q-space
component is written as |ρλ⟩ = |Ψλ⟩ − |φλ⟩. Then we obtain

|ρλ⟩ = (Eλ − QHQ)−1QVP|φλ⟩ (2.23)

|φλ⟩ = (Eλ − PHP)−1PVQ|ρλ⟩. (2.24)

Substituting these equation, we can decouple the equation to P-space and Q-space respectively as
follows,

(
PHP − 1

Eλ − QHQ
QVP

)
|φλ⟩ = Eλ|φλ⟩ (2.25)

(
QHQ − 1

Eλ − PHP
PVQ

)
|ρλ⟩ = Eλ|ρλ⟩. (2.26)

The first equation is exactly the secure equation defined only in P-space and the second one is in Q-
space. For our purpose of obtaining the effective theory defined in P-space, we solve adapt Eq. (2.25)
and introduce the following Bloch-Horowitz effective Hamiltonian HBH defined purely in the P-space,

HBH(E) = PHP + PVQ
1

E − QHQ
QVP. (2.27)

Then Eq. (2.17) reads,
HBH(Eλ)|φλ⟩ = Eλ|φλ⟩, λ = 1, · · · ,D. (2.28)

Note that Eq. (2.28) requires a self-consistent solution, because HBH(Eλ) depends on the eigenen-
ergy Eλ. In the previous section, we saw the case in which we know the exact solution but still we
need to calculate the effective interaction. In this case, however, we do not know the exact solution
generally, because the Hamiltonian in the full space is supposed to have the intractably large dimen-
sion. Therefore, the energy-dependence of the effective interaction is not a desirable property for the
shell-model calculation, and therefore we adopt the energy-independent approach below.

2.2.3 Energy-independent approach

Next we introduce the energy-independent effective Hamiltonian in the P-space. We first choose d
eigenstates {|Ψi⟩, i = 1, · · · , d} among D solutions of Eq. (2.17), with d ≤ D. Then we require that
|φi⟩ = P|Ψi⟩, the P-space component of the chosen d eigenstates, be described by the d-dimensional
effective Hamiltonian Heff as

Heff |φi⟩ = Ei|φi⟩, i = 1, · · · , d. (2.29)

This energy-independent effective Hamiltonian is most concisely described as

Heff =

d∑

i=1

|φi⟩Ei⟨φ̃i|, (2.30)

36 Chapter 3. Extended Kuo-Krenciglowa method

Then we impose the decoupling condition for the transformed HamiltonianH ,

0 = QHP = QVP − ωPHP + QHQω − ωPVQω, (3.3)

which decouples the P-space Schrödinger equation to Q-space.
Now we rewrite Eq. (3.3) as

(E − QHQ)ω = QVP − ωPH̃P − ωPVQω, (3.4)

where
H̃ = H − E (3.5)

is a shifted Hamiltonian obtained by the introduction of the energy parameter E. Equation (3.4) plays
the same role in the EKK method as Eq. (2.42) does in the KK method. The difference is that we
introduce a parameter E and replace PVP by PH̃P. By solving Eq. (3.4) iteratively as in the KK
method, we obtain the following iterative scheme to calculate the effective Hamiltonian Heff instead
of Veff ,

H̃(n)
eff = H̃BH(E) +

∞∑

k=1

Q̂k(E){H̃(n−1)
eff }k, (3.6)

where
H̃eff = Heff − E, H̃BH(E) = HBH(E) − E, (3.7)

and H̃(n)
eff stands for H̃eff at the n-th step. The effective Hamiltonian Heff is obtained as Heff = H(∞)

eff , and
satisfies

H̃eff = H̃BH(E) +
∞∑

k=1

Q̂k(E){H̃eff}k. (3.8)

The effective interaction, Veff, is then calculated by Eq. (2.36) as Veff = Heff − PH0P. Here the
definition of Q̂-box is the same as KK method, that is,

Q̂(E) = PVP + PVQ
1

E − QHQ
QVP, (3.9)

and the derivative of Q̂-box is

Q̂k(E) =
1
k!

dkQ̂(E)
dEk . (3.10)

Let us now compare the EKK and the KK methods. First, and most importantly, the above EKK
method does not require that the model space is degenerate. It can, therefore, be applied naturally to
a valence space composed of several shells. Second, Eq. (3.6) changes H̃eff , while Eq. (2.46) changes
only Veff at each step of the iterative process. Third, in order to perform the iterative step of Eq. (3.6),
we need to calculate Q̂k(E) at the arbitrarily specified energy E, instead of at ϵ0 for Eq. (2.46).

Equation (3.8) is interpreted as the Taylor series expansion of H̃eff around H̃BH(E), and changing E
corresponds to shifting the origin of the expansion, and therefore to a re-summation of the series. This
explains why the left hand side of Eq. (3.8) is independent of E, while each term on the right hand
side depends on E. This in turn means that we can tune the parameter E in Eq. (3.8) to accelerate the
convergence of the series on the right hand side, a feature which we will exploit in actual calculations.

EKK method
New parameter E (arbitrary parameter)

N. Tsunoda, K. Takayanagi, M. Hjorth-Jensen, and T. Otsuka, Phys. Rev. C 89, 024313 (2014).

Extended KK method and conventional KK method
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EKK method enable us to construct effective interaction 
for multi-major shell
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For the further decomposition, we introduce two things. One is Q̂-box and the other is folded
diagrams. The Q̂-box is defined as

Q̂(E) = PVP + PVQ
1

E − QHQ
QVP

= PVP + PVQ
1

E − QH0Q
QVP + PVQ

1
E − QH0Q

QVQ
1

E − QH0Q
QVP + · · · (2.71)

which is already appeared in the formal theory of KK method and LS method. The Q̂-box is the
summation of all the contribution of the “irreducible” diagrams. Here the term “irreducible” means
that the diagrams cannot be divided into two pieces by cutting the P-space state by a horizontal line.
Therefore, in the evaluation of Q̂-box, we do not face to the divergence caused by the zero energy-
denominator, if the P-space is degenerate and the unperturbed Q-space energy is different from that
of P-space.

Next, we move to the folded diagrams. Let us consider the diagram which includes two vertices
at t = t1 and t = t2, with t1 > t2. When the state before t = t2 and after t = t2 are the same, clearly we
face to the zero denominator. This divergence can be factorized as follows:

❝❝t1
t2

= ❝t1 × ❝t2 − ❝t1

❝t2
!
! . (2.72)

In the left hand side, 0 > t1 > t2, and in the right hand side, the first term does not have the restriction
of ordering and the second term is the corresponding subtraction of 0 > t2 > t1. Suppose the railed line
is in Q-space and the other is in P-space. Since P-space is degenerate, the left hand side is obviously
divergent. In the right hand side, the divergence is only appearing in the second factor in the first
term. In this sense, Eq. (2.72) shows the minimal example of factorization of the divergence. Our
purpose of implement the factorization theorem and folded diagram procedure is that we factorize the
divergence and cancel them so that we obtain the finite physical results.

Now we come back to the factorization of Eq. (2.70). Both the first and second term include the
divergence. The first term |χP⟩, which terminate at t = 0 as P-space state, is expressed as

|χP⟩ = + ✉ + ✉✉ + ✉✉✉ + · · · (2.73)

where filled circle represent the Q̂-box and the line is the two-body states within P-space. Since we
are considering of degenerate P-space, this leads a clear divergence. On the other hand, the second

24 Chapter 2. Review of effective interaction for the shell model

condition, the following solution need the condition of degenerate unperturbed eigenvalues in P-
space. We first explain the KK method [27] for the degenerate model space. Then we explain the
LS method [28] for the degenerate model space. Both methods eliminate the energy-dependence of
HBH(E) of Eq. (2.27) by introducing the so-called Q̂-box and its energy derivatives, resulting in an
energy-independent effective interaction Heff .

2.3.1 Kuo-Krenciglowa (KK) method

In the KK method, we assume a degenerate model space,

PH0P = ϵ0P. (2.41)

Then Eq. (2.34) reads

(ϵ0 − QHQ)ω = QVP − ωPVP − ωPVQω. (2.42)

The KK method provide us a one possible way to solve this decoupling equation. Multiplying (ϵ0 −
QHQ) from the left,

ω =
1

ϵ0 − QHQ
(QVP − ω (PVP + PVQω))

=
1

ϵ0 − QHQ
(QVP − ωVeff) , (2.43)

using the expression of Veff in Eq. (2.36). Then we obtain the the following iterative form:

ω(n) =
1

ϵ0 − QHQ

(
QVP − ω(n)V (n−1)

eff

)
, (2.44)

where ω(n) and V (n)
eff = PVP + PVQω(n) stand for ω and Veff in the n-th step, respectively.

Now we introduce the important operator called Q̂-box as follows:

Q̂(E) = PVP + PVQ
1

E − QHQ
QVP,

Q̂k(E) =
1
k!

dkQ̂(E)
dEk . (2.45)

The Q̂-box is clearly defined as an operator act in P-space. Intuitively this quantity stands for the
interacting matrix which the P-space wavefunction having energy E makes excited to Q-space, and
propagate in Q-space, and then makes it back to P-space again.

Then we immediately arrive at the following iterative formula for V (n)
eff :

V (n)
eff = Q̂(ϵ0) +

∞∑

k=1

Q̂k(ϵ0){V (n−1)
eff }k. (2.46)

In the limit of n → ∞, Eq. (2.46) gives Veff = V (∞)
eff , if the iteration converges. The first term of

Eq. (2.46) is Q̂-box itself, which means the effective interaction include the effect of virtual excitation

KK method (conventional)

where p indicate product wavefunction.

⟨k1k2J|V |k3k4J⟩p =
∑

mi

⟨ j1m1 j2m2|JM⟩⟨ j3m3 j4m4|JM⟩⟨k1m1k2m2|V |k3m3k4m4⟩p (58)

|k1k2J⟩ = N12

∑

mi

⟨k1m1k2m2|JM⟩|k1m1k2m2⟩ (59)

N12 =
1

√
1 + δk1,k2

(60)

Therefore,

⟨k1k2J|V | j3 j4J⟩ = 1
√

(1 + δk1,k2δk3,k4 )
{⟨k1k2J|V |k3k4J⟩p − (−1) j3+ j4−J⟨k1k2J|V |k4k3J⟩p} (61)

H = H0 + V (62)

=

(
PH0P 0

0 QH0Q

)
+

(
PVP PVQ
QVP QVQ

)
(63)
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Effective interaction for island of inversion 

Effective interaction designed for sd+pf shell 

TBMEs are determined by EKK method 

Effective 2NF from 3NF(Fujita-Miyazawa type) 
force is added 

SPEs are fitted to experimental data
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A. O. Macchiavelli, et al., Phys. Rev. C 94, 
051303 (2016).

N.T, et al. Phys. Rev. C 95, 021304 (2017).

EEdf1

For larger N, we are now working on… 
(e.g. 40Mg 2+ by Crawford’s talk)
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EEdf1

EEdf1

IM-SRG

S. R. Stroberg, et al., Phys. Rev. Lett. 118, 032502 (2017). 
J. Simonis, et al., Phys. Rev. C 96, 014303 (2017).
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(a) 33Na ! 32Ne
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FIG. 2. Doppler reconstructed � spectrum of two-proton
and (a) one-proton knockout reactions leading to 32Ne. A
least square fit (red solid line) of a global function comprised
of simulated responses of DALI2 (dotted blue) and a two-
component exponential background (dotted cyan) is applied.
(b) Coincidence of combined one- and two-proton knockout
reactions for 1410 keV transition (1300 to 1500 keV). Add-
back and a maximum �-ray multiplicity threshold of 3 are
applied.

between hit detectors to increase photopeak e�ciency.
A multiplicity threshold of 3 was selected for the recon-
truction of one- and two-proton knockout spectra used
for energy determination. A GEANT4-based [40] sim-
ulation of the DALI2 array was utilized to produce full
response functions based on individual detector energy
resolutions and thresholds (200 keV), mean beam veloc-
ity, energy loss in the target [41], and lifetime of a given
state.

The Doppler reconstructed spectra of both one- and
two-proton knockout reactions to 32Ne are presented in
Fig. 2. A strong transition at 709(12) keV, observed
in both reactions, corresponds to the 2+1 ! 0+g.s. tran-
sition and is consistent with a previous measurement of
722(9) keV by both inelastic scattering and proton re-
moval with lower statistics [27]. A new transition at
1410(15) keV was observed in one- and two-proton knock-
out reactions. The �-ray spectrum of Fig. 2(b), obtained
with the condition of a prompt coincidence with this tran-
sition, indicates a decay sequence with the 722(9) keV
transition with a relative intensity of 108(20)%.

The 1410(15) keV transition is tentatively assigned to
the 4+1 ! 2+1 decay. Spin and parity assignment is based
on (i) prompt coincidence with the 2+1 ! 0+g.s. transition

(ii) population of 4+1 states in proton knockout reactions
to 28,30Ne with fast-beams [32, 35], (iii) the reproduc-
tion of energy levels with shell model calculations, (iv)

Sn
2250 (570)

0, 0+

709(12), (2+)

2119(19), (4+)

709

1410

0, 0+

799, 2+

2283, 4+

3067, 2+

3639, 0+
3699, 3+

0, 0+

857, 2+

2114, 4+

Experiment EEdf1 SDPF-M

32
10Ne22

FIG. 3. Energy levels from the present experiment compared
to EEdf1 [42] and SDPF-M [28] e↵ective interaction shell
model calculations for 32Ne. The extrapolated neutron sepa-
ration energy (Sn) of 2250(570) keV [43] is shown in red. The
uncertainty is shown as the width.

reaction theory exclusive cross section ratios as will be
discussed later in the text, (v) the limited possibility of
additional bound states due to a low extrapolated neu-
tron separation energy (Sn) of 2250(570) keV [43].
A global parametric function, comprised of a DALI2 re-

sponse function and a two-component exponential back-
ground, fit to the reconstructed experimenal spectra was
used to extract the energies and intensities of the transi-
tions. Doppler reconstructions of both experimental and
simulated data were performed at the target center. The
uncertainty in the deduced transition energies include a
statistical contribution, detector calibration errors, un-
certainty in beam energy (translating to an uncertainty
in reconstruction), uncertainty from the unmeasured life-
time of the 2+1 state. The lifetime of the 2+1 state was
chosen to be 60 ps, as predicted by global trends [44].
Variation of this lifetime by a factor of two produces a
shift of the 2+1 ! 0+g.s. transition by 10 keV and is the
largest contribution to the systematic uncertainty. The
2+1 lifetime is a small uncertainty component (1 keV) in
the 4+1 ! 2+1 transition uncertainty, due to the large
di↵erence in energy. Systematic errors in transition en-
ergies are shared between one- and two-proton knockout
reactions.
In addition to the experimentally determined states,

shell model calculations with large valence spaces have
been performed. The recently available extended Kuo-
Krenciglowa (EKK) derived e↵ective interaction [42],
henceforth called EEdf1, includes multiparticle-multihole
transition mixing across the N = 20 shell gap in a com-
plete sdpf model space. This is compared to the SDPF-
M interaction [28], restricted to the sd� p3/2f7/2 space,
but which allows for mixing of sd and pf configurations.
Both interactions have been shown to provide a good de-
scription of the IOI and predict strongly deformed ground
states dominated by intruder configurations for N = 20
neon and magnesium isotopes.
The predicted states are in agreement with the ex-

Ian Murray et al. (in preparation)
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EEdf1
Good agreement to 
experimental data
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Spectroscopic factors and levels of 30Mg @GANIL
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Single neutron removal from 31Mg to 30Mg

Low-lying levels and spectroscopic factors are reproduced.
B. Fernández-Domínguez, ….  T. Otsuka, N.T. …..et al., Phys. Lett. B 779, 124 (2018).



What is essential in EEdf1?
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B. Fernández-Domínguez, ….  T. Otsuka, N.T. …..et al., Phys. Lett. B 779, 124 (2018).
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FIG. 2. (a) Excitation energies of first 2+ and 4+ states and (b) B(E2 : 0+
1 → 2+

1 ) values of Ne, Mg, and Si isotopes. Experimental data
[47,50] and present calculations are compared. (c) Expectation values of the number of the particle-hole excitations in the ground state of
Mg isotopes. The plain histograms are present results, while the hatched ones imply the value by [14]. The dashed line shows the trend. The
two-way arrow indicates the additional 2p2h excitation (see the text). (d) Decomposition of ph-excitation probabilities for the ground state of
Mg isotopes.

at N = 20 than at N = 18, a feature which is consistent with
the growing deformation seen in the 2+

1 level.
Regarding higher spin states, Fig. 3 shows, as an example,

yrast levels of 32Mg, of which the 6+ level was measured
recently by Crawford et al. [51]. The present result is in
agreement with observed levels as well as those calculated by
the sdpf-U-mix interaction [17]. The calculated B(E2; J+ →
(J −2)+) values are 70, 96, 36, and 58, (e2 fm4) for J = 2,4,6,
and 8, respectively. We note that the 6+ and 8+ members of the
yrast band are mixed with less deformed states in the present
calculation, reducing their energies and B(E2) values from the
rotor systematics.

We now turn to properties of the wave functions of Mg
isotopes. Figure 2(c) depicts the expectation value of the
number of ph excitations over the Z = N = 20 shell gap
for the ground state. One notices the abrupt increase at
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FIG. 3. Yrast levels of 32Mg obtained by (a) experiment [51],
(b) present work, and (c) calculation with the sdpf-U-mix interaction
[17,51].

N = 18 and furthermore at N = 20. These increases are
associated with the onset of large deformation. More particles
(predominantly neutrons) in the pf shell and many holes in
the sd shell enhance collective motion toward more deformed
nuclear shapes. The average value of the ph excitations is
about 3.5 for 32Mg. This is a large number, compared to
the conventional picture for 32Mg being basically a 2p2h
state [9,14– 17]. The value assumed in the Warburton-Becker-
Brown island-of-inversion model [14] is shown in Fig. 2(c)
as a reference. The basic trend remains unchanged in other
shell-model calculations, although the actual values can be
somewhat larger [9,15– 17].

In the present calculation, this ph value starts low (< 0.5)
at N = 12, and increases almost monotonically to N = 16.
This increase is a “modest” effect of the effective interaction
shifting nucleons between the two shells, e.g., pairing effects.
Considering that the 2+

1 level remains high (∼2 MeV) up
to N = 18, this ph excitation mode does not produce a
strong deformation. We extrapolate it linearly up to N = 20
in Fig. 2(c). The difference between the extrapolated and
actual values is about 2, which can be interpreted as an
additional 2p2h excitation essential for promoting the strong
deformation. Although this interpretation is intuitive, the 2p2h
excitation on top of the “modest” correlation appears to
be analogous to the 2p2h picture seen in the conventional
approaches.

Figure 2(d) shows more details of the ph excitations
involved in the Mg ground states. The probability of the 0p0h
configuration comes down slowly for N ! 16, and drops down
sharply after that. The 2p2h probability increases gradually
until N = 16. The 4p4h is negligible up to N = 16, but
increases abruptly for N " 18, especially for N = 20. Note
that the 2p2h probability even decreases at N = 20. Such

021304-3

Ground states

conventional

EEdf1

More ph excitation beyond N=20 occurring in EEdf1 
==> More correlation, more deformation
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DeukSoon	Ahn	et	al.	in	prepara2on
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(9 events)
à New Isotope!

What is the mechanism of this dripline? 
Relation to large mixing beyond N=20 gap?

==> 36Ne does NOT exist and 39Na EXISTS.



Dripline in Oxygen case
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In Fig. 2, we show the single-particle energies (SPEs) of
the neutron d5=2, s1=2 and d3=2 orbitals at subshell closures
N ¼ 8, 14, 16, and 20. The evolution of the SPEs is due to
interactions as neutrons are added. For the SPEs based on
NN forces in Fig. 2(a), the d3=2 orbital decreases rapidly as
neutrons occupy the d5=2 orbital, and remains well bound
from N ¼ 14 on. This leads to bound oxygen isotopes out
to N ¼ 20 and puts the neutron drip line incorrectly at 28O.
This result appears to depend only weakly on the renor-
malization method or the NN interaction used. We dem-
onstrate this by showing SPEs calculated in the G matrix
formalism [10], which sums particle-particle ladders, and
based on low-momentum interactions Vlow k [11] obtained
from chiral NN interactions at next-to-next-to-next-to-
leading order (N3LO) [12] using the renormalization
group. Both calculations include core polarization effects
perturbatively [including diagram Fig. 3(d) with the !
replaced by a nucleon and all other second-order diagrams]
and start from empirical SPEs [13] in 17O. The empirical
SPEs contain effects from the core and its excitations,
including effects due to 3N forces.

We next show in Fig. 2(b) the SPEs obtained from the
phenomenological forces SDPF-M [13] and USD-B [14]
that have been fit to reproduce experimental binding en-

ergies and spectra. This shows a striking difference com-
pared to Fig. 2(a): As neutrons occupy the d5=2 orbital, with
N evolving from 8 to 14, the d3=2 orbital remains almost at
the same energy and is not well bound out to N ¼ 20. The
dominant differences between Figs. 2(a) and 2(b) can be
traced to the two-body monopole components, which de-
termine the average interaction between two orbitals. The
monopole components of a general two-body interaction V
are given by an angular average over all possible orienta-
tions of the two nucleons in orbitals lj and l0j0 [15],

Vmono
j;j0 ¼

X

m;m0
hjmj0m0jVjjmj0m0i=

X

m;m0
1; (1)

where the sum over magnetic quantum numbers m and m0

can be restricted by antisymmetry (see [16,17] for details).
The SPE of the orbital j is effectively shifted by Vmono

j;j0

multiplied by the occupation number of the orbital j0. This
leads to the change in the SPE and determines shell struc-
ture and the location of the drip line [16–19].
The comparison of Figs. 2(a) and 2(b) suggests that the

monopole interaction between the d3=2 and d5=2 orbitals
obtained from NN theories is too attractive, and that the
oxygen anomaly can be solved by additional repulsive
contributions to the two-neutron monopole components,
which approximately cancel the average NN attraction on
the d3=2 orbital. With extensive studies based on NN
forces, it is unlikely that such a distinct property would
have been missed, and it has been argued that 3N forces
may be important for the monopole components [20].
Next, we show that 3N forces among two valence neu-

trons and one nucleon in the 16O core give rise to repulsive
monopole interactions between the valence neutrons.
While the contributions of the FM 3N force to other
quantities can be different, the shell-model configurations
composed of valence neutrons probe the long-range parts
of 3N forces. The repulsive nature of this 3N mechanism
can be understood based on the Pauli exclusion principle.
Figure 3(a) depicts the leading contribution to NN forces
due to the excitation of a !, induced by the exchange of
pions with another nucleon. Because this is a second-order
perturbation, its contribution to the energy and to the two-
neutron monopole components has to be attractive. This is
part of the attractive d3=2 " d5=2 monopole component
obtained from NN forces.
In nuclei, the process of Fig. 3(a) leads to a change of the

SPE of the j, m orbital due to the excitation of a core
nucleon to a !, as illustrated in Fig. 3(b) where the initial
valence neutron is virtually excited to another j0,m0 orbital.
As discussed, this lowers the energy of the j, m orbital
and thus increases its binding. However, in nuclei this
process is forbidden by the Pauli exclusion principle, if
another neutron occupies the same orbital j0, m0, as shown
in Fig. 3(c). The corresponding contribution must then be
subtracted from the SPE change due to Fig. 3(b). This is
taken into account by the inclusion of the exchange dia-
gram, Fig. 3(d), where the neutrons in the intermediate

8 2041 61
Neutron Number (N) Neutron Number (N)

8 201614

s 1/2

(c) G-matrix NN + 3N (∆) forces

d3/2

d5/2

NN
 NN + 3N (∆)

d3/2

d5/2

s 1/2

 NN + 3N (N  LO)

NN
 NN + 3N (∆)

low k(d) V NN + 3N (∆,N LO) forces
2

2

Si
ng

le
-P

ar
tic

le
 E

ne
rg

y 
(M

eV
)

4

-4

0

-8
Si

ng
le

-P
ar

tic
le

 E
ne

rg
y 

(M
eV

)

8 2041 61

d3/2

d5/2
s 1/2

(a) Forces derived from NN theory

 V
G-matrix

(b) Phenomenological forces
d3/2

s 1/2

d5/2

 USD-B
SDPF-M 

8 2041 61
Neutron Number (N)Neutron Number (N)

low k

4

-4

0

-8

FIG. 2 (color online). Single-particle energies of the neutron
d5=2, s1=2 and d3=2 orbitals measured from the energy of 16O as a
function of neutron number N. (a) SPEs calculated from a G
matrix and from low-momentum interactions Vlow k. (b) SPEs
obtained from the phenomenological forces SDPF-M [13] and
USD-B [14]. (c),(d) SPEs including contributions from 3N
forces due to ! excitations and chiral EFT 3N interactions at
N2LO [25]. The changes due to 3N forces based on ! excitations
are highlighted by the shaded areas.
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state have been exchanged and this leads to the exchange of
the final (or initial) orbital labels j, m and j0, m0. Because
this process reflects a cancellation of the lowering of the
SPE, the contribution from Fig. 3(d) has to be repulsive for
two neutrons. Finally, we can rewrite Fig. 3(d) as the FM
3N force of Fig. 3(e), where the middle nucleon is summed
over core nucleons. The importance of the cancellation
between Figs. 3(a) and 3(e) was recognized for nuclear
matter in Ref. [21].

The process in Fig. 3(d) corresponds to a two-valence-
neutron monopole interaction, schematically illustrated in
Fig. 4(d). The resulting SPE evolution is shown in Fig. 2(c)

for the G matrix formalism, where a standard pion-N-!
coupling [22] was used and all 3N diagrams of the same
order as Fig. 3(d) are included. We observe that the repul-
sive FM 3N contributions become significant with increas-
ing N and the resulting SPE structure is similar to that of
phenomenological forces, where the d3=2 orbital remains
high. Next, we calculate the SPEs from chiral low-
momentum interactions Vlow k, including the changes due

to the leading (N2LO) 3N forces in chiral EFT [23], see
Figs. 3(f)– 3(h). We consider also the SPEs where 3N-force
contributions are only due to ! excitations [24]. The lead-
ing chiral 3N forces include the long-range two-pion-
exchange part, Fig. 3(f), which takes into account the
excitation to a ! and other resonances, plus shorter-range
3N interactions, Figs. 3(g) and 3(h), that have been con-
strained in few-nucleon systems [25]. The resulting SPEs
in Fig. 2(d) demonstrate that the long-range contributions
due to ! excitations dominate the changes in the SPE
evolution and the effects of shorter-range 3N interactions
are smaller. We point out that 3N forces play a key role for
the magic number N ¼ 14 between d5=2 and s1=2 [26], and
that they enlarge theN ¼ 16 gap between s1=2 and d3=2 [5].
The contributions from Figs. 3(f)– 3(h) (plus all ex-

change terms) to the monopole components take into ac-
count the normal-ordered two-body parts of 3N forces,
where one of the nucleons is summed over all nucleons
in the core. This is also motivated by recent coupled-cluster
calculations [27], where residual 3N forces between three
valence states were found to be small. In addition, the
effects of 3N forces among three valence neutrons should
be generally weaker due to the Pauli principle.
Finally, we take into account many-body correlations by

diagonalization in the valence space. The resulting ground-
state energies of the oxygen isotopes are presented in
Fig. 4. Figure 4(a) (based on phenomenological forces)
implies that many-body correlations do not change our
picture developed from the SPEs: The energy decreases
to N ¼ 16, but the d3=2 neutrons added out to N ¼ 20

FIG. 3 (color online). Processes involving 3N contributions.
The external lines are valence neutrons. The dashed and thick
lines denote pions and ! excitations, respectively. Nucleon-hole
lines are indicated by downward arrows. The leading chiral 3N
forces include the long-range two-pion-exchange parts, diagram
(f), which take into account the excitation to a ! and other
resonances, plus shorter-range one-pion exchange, diagram (g),
and 3N contact interactions, diagram (h).
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(d)  Schematic picture of two-
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FIG. 4 (color online). Ground-state energies of oxygen isotopes measured from 16O, including experimental values of the bound 16–
24 O. Energies obtained from (a) phenomenological forces SDPF-M [13] and USD-B [14], (b) a Gmatrix and including FM 3N forces
due to ! excitations, and (c) from low-momentum interactions Vlow k and including chiral EFT 3N interactions at N2LO as well as only
due to ! excitations [25]. The changes due to 3N forces based on ! excitations are highlighted by the shaded areas. (d) Schematic
illustration of a two-valence-neutron interaction generated by 3N forces with a nucleon in the 16O core.
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Oxygen case
T. Otsuka et al., Phys. Rev. Lett. 105, 032501 (2010).

ESPE mostly determines drip line
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Ne isotope
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Dripline 34Ne

(all the SPEs shifted by 0.9 MeV)
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Na isotope
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Na isotope
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Mg isotope
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Dripline 40Mg 
(prediction)



Mg isotope
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Mg isotope
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Multipole contribution
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Spherical Deformed
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Spherical Deformed
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The mechanism of dripline 
==> competition between EPSE and Deformation

negative ESPE but less deformation energy



Conclusion
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Neutron-rich nuclei are studied by nuclear force 
and microscopic theory 

Comparisons to experimental data are successful 

Driplines of Ne, Na and Mg are determined by the 
competitions of single particle nature and 
multipole contribution
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