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prolate-oblate coexistence

triaxial equilibrium shape

octupole deformation

• includes static correlations: 
deformations and pairing

• does not include collective correlations 
originating from symmetry restoration 
and quantum fluctuations around 
mean-field minima



Beyond mean-field correlations: Collective Hamiltonian

... nuclear excitations determined by quadrupole vibrational and rotational 
degrees of freedom

The entire dynamics of the collective Hamiltonian is governed by the seven 
functions of the intrinsic deformations β and γ: the collective potential, the three 
mass parameters: Bββ, Bβγ, Bγγ, and the three moments of inertia Ik.

… collective eigenfunction:

Collective Hamiltonian

... nuclear excitations determined by quadrupole 
vibrational and rotational degrees of freedom:
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The dynamics of the collective Hamiltonian is determined by: the self-consistent collective potential, 
the three mass parameters: Bββ, Bβγ, Bγγ, and the three moments of inertia Ik, functions of the intrinsic 
deformations β and γ.

Phys. Rev. C 79, 034303 (2009). 
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MK(⌦)… collective eigenfunction:

Prog. Part. Nucl. Phys. 66, 519 (2011).
Phys. Rev. C 79, 034303 (2009).
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FIG. 1. Theoretical excitation energies of the states 2+
1 , 4+

1 , 0+
2 , 2+

2 , and 2+
3 and the B(E2; 0+

1 → 2+
1 ) values (in units of e2b2) in even-even

nuclei, compared to the corresponding experimental values [26].

the aim is not to compute properties of individual shape-
coexisting nuclei, but to indicate mass regions that display
structure properties associated with the phenomenon of shape
coexistence. Based on the results obtained in the present
analysis, we discuss the occurrence of shape coexistence in
different regions of the table of nuclides.

(i) Nuclei in the vicinity of Z ∼ 50 and Z ∼ 82.
The coexistence of low-lying spherical and intruder
deformed shapes has been extensively studied and
demonstrated by numerous experiments in Sn, Cd,
Te, Pb, Hg, and Po isotopes [1,6–8,29–33]. Shape
coexistence in these regions can also be related
to triaxiality, but the number of possible triaxial
shape-coexisting nuclei is not large.

(ii) Z ∼ 64 and N ∼ 90 nuclei. The primary interest in
this region is the rapid onset of deformation in the
transition from N = 86 to N = 92 [14,16,34]. The
issue of shape coexistence here is somewhat subtle
because there are no obvious differences in band
energy spacing or B(E2) values. Moreover, the 0+

2
states are found at relatively high energies because of
strong mixing between the two lowest K = 0 bands.

(iii) Z ∼ 64 and N ∼ 76 nuclei. Medium-deformed tri-
axial ground states coexisting with highly deformed

prolate excited state are predicted in this region.
Furthermore, it is found that triaxial ground states
originate from the interaction between proton multi-
particle and neutron multihole states, and the prolate
excited states are built on a deformed neutron
shell gap with β ∼ 0.4. This result is consistent
with that obtained using the Gongy D1S effective
interaction [27,28]. New measurements of spectro-
scopic properties are suggested in this mass region,
especially for the nuclei 134Nd, 136,138Sm, 140,142Gd,
and 142,144Dy.

(iv) Z ∼ 40 and N ∼ 60 nuclei. The structure of nuclei in
this mass region is characterized by a sudden onset of
deformation in the transition from N = 58 to N =
60, as demonstrated by the dramatic change in the
isotope shifts δ⟨r2⟩ and two-neutron separation ener-
gies S2n. These changes occur because of the crossing
between coexisting structures, that is, highly de-
formed prolate and spherical configurations [1]. Nu-
merous measurements of spectroscopic quadrupole
moments, B(E2) values, E0 transitions, and two-
nucleon and α-cluster transfer data, have revealed
the onset of shape coexistence in Sr, Zr, and Mo
isotopes [1,35–43], while data for static and dynamic
quadrupole moments show that shape coexistence
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• Systematic analysis of characteristic signatures of coexisting shapes in 
different mass regions

• Calculation includes 621 even-even nuclei with Z,N>10 and for which 21
+

state has been determined in experiment

Phys. Rev. C 95, 054321 (2017)
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FIG. 2. Absolute differences between the calculated βeff cos 3γeff

(a) and βeff (b) values for the two lowest 0+ states of 621 even-even
nuclei.

still persists in Ru and Pd isotopes [1,10,44–46].
Our calculation also indicates that heavier Ru and
Pd isotopes exhibit shape-coexisting structures, with
triaxiality playing an important role [46,47].

FIG. 3. The calculated ratios between the excitation energies of
the states 0+

2 and 2+
1 for 621 even-even nuclei.

(v) Z ∼ 40 and N ∼ 70 nuclei. These nuclei are very
neutron-rich and only limited spectroscopic informa-
tion is available. Recently the first measurement of
low-lying states in the neutron-rich 110Zr and 112Mo
was performed via in-beam γ -ray spectroscopy.
Low-lying 2+

1 states observed at excitation energies
of 185(11) and 235(7) keV, respectively, as well
as R42 values ∼3, indicate that both nuclei are
well deformed [48]. The present study has also
shown that 110Zr does not exhibit a stabilizing
shell effect corresponding to the harmonic oscillator
magic numbers Z = 40 and N = 70, thus pointing
to possible shape coexistence in this mass region.
We note that the present self-consistent mean-field
calculation predicts a spherical global minimum in
110Zr, similar to other recent mean-field results [49].
The deformed ground state is obtained by taking into
account dynamical, beyond mean-field correlations.

(vi) Z ∼ 34 and N ∼ 40 nuclei. The manifestation of
shape coexistence in this region can be attributed
to three shell gaps in the Nilsson level diagram: a
weakly deformed shell gap at Z = 34, a spherical
subshell closure at N = 40, and a highly deformed
prolate shell gap at N = 38 [50,51]. Detailed dis-
cussions of spectroscopic properties can be found
in Refs. [1,12,42,52,53] and references therein. We
note that, according to Fig. 2(a), the Z ∼ 40 and
N ∼ 40 nuclei also display shape-coexisting struc-
tures, similar to predictions in Refs. [54,55]. How-
ever, the 0+

2 excitation energies in these nuclei are
rather high (cf. Fig. 3) and, therefore, additional mea-
surements are necessary to clarify these structures.

(vii) Z ∼ 28 nuclei. Shape coexistence is observed in
nuclei with N ∼ 28, 40, and 50 [56–62], which is
consistent with our predictions.

(viii) (N,Z) ∼ (20,12), (28, 14), and (40, 24) nuclei. The
so-called “islands of inversion” have attracted con-
siderable interest in the past 2 decades. These studies
have been summarized in Refs. [1,63]. The term
island of inversion refers to the fact that 2p-2h states
are located below 0p-0h closed-shell states. This
implies inversions of states and results in phenomena
that basically do not differ from well-known struc-
tures characterized by shape coexistence. The results
obtained in the present study are generally consistent
with measurement except for the N = 20 isotones,
for which the N = 20 shell closure calculated with
the functional PC-PK1 is simply too strong.

(ix) N ≈ Z light nuclei. Our predictions are consistent
with the nuclei listed in Table III of Ref. [1],
especially for the 40Ca region.

(x) N,Z < 20 nuclei. The occurrence of shape coex-
istence is predicted in many nuclei in this region
due to a rather large effect of quadrupole deforma-
tion [27,64].

IV. SUMMARY

In summary, we have performed a systematic calcula-
tion of quadrupole shape invariants for the two lowest 0+
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Signatures of shape coexistence:

• The difference between βeff cos(3γeff) for the      
two lowest 0+ states is large

• The excitation energy of 02
+ is low in comparison 

to the excitation energy of the 21
+ state 
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QUAN, CHEN, LI, NIKŠIĆ, AND VRETENAR PHYSICAL REVIEW C 95, 054321 (2017)

FIG. 2. Absolute differences between the calculated βeff cos 3γeff

(a) and βeff (b) values for the two lowest 0+ states of 621 even-even
nuclei.

still persists in Ru and Pd isotopes [1,10,44–46].
Our calculation also indicates that heavier Ru and
Pd isotopes exhibit shape-coexisting structures, with
triaxiality playing an important role [46,47].

FIG. 3. The calculated ratios between the excitation energies of
the states 0+

2 and 2+
1 for 621 even-even nuclei.

(v) Z ∼ 40 and N ∼ 70 nuclei. These nuclei are very
neutron-rich and only limited spectroscopic informa-
tion is available. Recently the first measurement of
low-lying states in the neutron-rich 110Zr and 112Mo
was performed via in-beam γ -ray spectroscopy.
Low-lying 2+

1 states observed at excitation energies
of 185(11) and 235(7) keV, respectively, as well
as R42 values ∼3, indicate that both nuclei are
well deformed [48]. The present study has also
shown that 110Zr does not exhibit a stabilizing
shell effect corresponding to the harmonic oscillator
magic numbers Z = 40 and N = 70, thus pointing
to possible shape coexistence in this mass region.
We note that the present self-consistent mean-field
calculation predicts a spherical global minimum in
110Zr, similar to other recent mean-field results [49].
The deformed ground state is obtained by taking into
account dynamical, beyond mean-field correlations.

(vi) Z ∼ 34 and N ∼ 40 nuclei. The manifestation of
shape coexistence in this region can be attributed
to three shell gaps in the Nilsson level diagram: a
weakly deformed shell gap at Z = 34, a spherical
subshell closure at N = 40, and a highly deformed
prolate shell gap at N = 38 [50,51]. Detailed dis-
cussions of spectroscopic properties can be found
in Refs. [1,12,42,52,53] and references therein. We
note that, according to Fig. 2(a), the Z ∼ 40 and
N ∼ 40 nuclei also display shape-coexisting struc-
tures, similar to predictions in Refs. [54,55]. How-
ever, the 0+

2 excitation energies in these nuclei are
rather high (cf. Fig. 3) and, therefore, additional mea-
surements are necessary to clarify these structures.

(vii) Z ∼ 28 nuclei. Shape coexistence is observed in
nuclei with N ∼ 28, 40, and 50 [56–62], which is
consistent with our predictions.

(viii) (N,Z) ∼ (20,12), (28, 14), and (40, 24) nuclei. The
so-called “islands of inversion” have attracted con-
siderable interest in the past 2 decades. These studies
have been summarized in Refs. [1,63]. The term
island of inversion refers to the fact that 2p-2h states
are located below 0p-0h closed-shell states. This
implies inversions of states and results in phenomena
that basically do not differ from well-known struc-
tures characterized by shape coexistence. The results
obtained in the present study are generally consistent
with measurement except for the N = 20 isotones,
for which the N = 20 shell closure calculated with
the functional PC-PK1 is simply too strong.

(ix) N ≈ Z light nuclei. Our predictions are consistent
with the nuclei listed in Table III of Ref. [1],
especially for the 40Ca region.

(x) N,Z < 20 nuclei. The occurrence of shape coex-
istence is predicted in many nuclei in this region
due to a rather large effect of quadrupole deforma-
tion [27,64].

IV. SUMMARY

In summary, we have performed a systematic calcula-
tion of quadrupole shape invariants for the two lowest 0+

054321-4
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• Z≈64 and N≈76: medium deformed
triaxial ground state coexisting with highly 
deformed prolate excited state
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Improving RNEDFs – work in progress

…N data points and the model depends on F dimensionless parameters. 

…maximizing the log-likelihood corresponds to minimizing the cost function χ2(p): 

➟ the residuals:

➟ the best model: minimum of χ2 on the model 
manifold (manifold of predictions embedded in 
the data space) 

In the quadratic approximation of the cost function χ2 around the best-fit point:

Data could include: nuclear matter properties, properties of finite nuclei (binding energies, 

charge radii, diffraction radii, surface thickness…)



The symmetric Hessian matrix of second derivatives:

Diagonalization ⇒

Stiff direction ⟹ large eigenvalue λ, χ2 rapidly worsens away from minimum, the fit 
places a stringent constraint on this particular linear combination of parameters.

Soft direction ⟹ small eigenvalue λ, little deterioration in χ2.  The corresponding 
eigenvector ξ involves a particular linear combination of model parameters that is 
not constrained by the observables included in the fit.

Sloppy models ⟹ some parameters or their combinations are not well
constrained by the data

Improving RNEDFs – work in progress



Eigenvectors and 
eigenvalues of 
the Hessian matrix 
ℳ of second 
derivatives of χ2(p) ➟

…empty and filled bars ⇒ the 
corresponding amplitudes 
contribute with opposite signs.

Sloppy models are 
characterised 
by an exponential 
distribution of 
eigenvalues of the Hessian 
matrix 
→ exponential sensitivity to 
parameter combinations!

Improving RNEDFs – work in progress



Model manifolds of nonlinear sloppy models have boundaries that can be analysed using 
geodesics. The geodesic curve in parameter space corresponds to a curve on the model 
manifold. The arc length of geodesics on the manifold are a measure of the manifold width 
in each direction.

The parameters corresponding to a geodesic path can be found as the solution of 

the differential equation:

➔ initial value problem in 
the parameter space.

connection coefficients:

gµ⌫ =
X

m

@rm
@pµ

@rm
@p⌫

metric tensor:

Derivatives with respect to the model parameters →if possible 
use the automatic differentiation packages (for self-consistent 
models this is not possible)  

The boundary of the manifold is identified by the metric tensor becoming singular. 

Improving RNEDFs – work in progress



Phys. Rev. C 95, 054304 (2016)
Phys. Rev. C 94, 024303 (2017)

Manifold boundary approximation method⟹ systematically reducing the
number of model parameters

1. Given a model and a set of parameters, determine the best-fit model, 
calculate the Hessian and identify the eigendirection with smallest 
eigenvalue.  

2. Integrate the geodesic equation using the best-fit parameter values and 
the eigendirection with smallest eigenvalue as initial conditions, until the 
boundary of the model manifold is reached. 

3. Evaluate the limit associated with this boundary to produce a new model 
with one less parameters. 

4. Optimise the new model by a least-square fit to the data, and use it as a 
starting point for the next iteration.

Transtrum et al., PRL 104, 060201 (2010)
PRL 113, 098701 (2014)

J. Chem. Phys. 143, 010901 (2015)

Applications for the nuclear structure models (self-
consistent): data set should not be to large   

Improving RNEDFs – work in progress



Improving the description of the level densities around the Fermi surface

⟹ possible approach: models with momentum-dependent
self-energies Typel et el., Phys. Rev. C 67, 034002 (2003)

Phys. Rev. C 71, 064301 (2005)

• Develop a point-coupling implementation of the momentum-dependent
model

• Fit data – preliminary calculation SV-min data set (PRC 79, 034310 (2009) )
• Statistical analysis

Improving RNEDFs – work in progress



Summary

NEDFs provide an economic, global and accurate microscopic approach to 
nuclear structure that can be extended from relatively light systems to superheavy 
nuclei, and from the valley of β-stability to the particle drip-lines.

NEDF-based structure models that take into account collective correlations → 
microscopic description of low-energy observables: excitation spectra, transition 
rates, changes in masses, isotope and isomer shifts, related to shell evolution with 
nuclear deformation, angular momentum, and number of nucleons. 
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NEDF-based models are applicable to large-scale calculations 
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