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There are about 100 elements in the universe, but how have they been synthesized? Alpha reaction is one of the
important nuclear reactions to synthesize new elements by fusion of alpha particles. Relevant nuclear reactions
involve quantum mechanical motion of many protons and neutrons. For microscopic study, we have developed a
method which selects the relevant reaction path from many degrees of freedom (Fig. 1). We re-‐quantize the
Hamiltonian on the reaction path, and succeed to calculate the fusion cross section of quantum tunneling (Fig.2).

Quark	  masses	  visible	  in	  heavy	  atomic	  nuclei

Imagine you wanted to distinguish between white and
black seeds inside a watermelon without actually
breaking it. To distinguish up and down quarks inside an
atomic nucleus seems to be even more outlandish task.
Here we show that this can be done by looking at the
simplest characteristics of heavy nuclei − their masses.
We know that the up quark is about twice lighter than
the down quark, which leads to interactions between
pairs of neutrons being slightly stronger than those
between pairs of protons. The question is “Can we see a
prominent signature of this asymmetry in heavier
nuclei?” We calculate masses of heavy nuclei and thus,
by comparing results with measured masses, to quantify
strengths of the symmetry-‐breaking effects (Fig. 3). We
showed some of former experimental data were far
away from the calculation (open symbols in Fig. 3).
These nuclear masses are revisited experimentally in the
world, and the new data support our predictions.
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FIG. 11. The astrophysical S factor for the subbarrier fusion of
16O + α (upper panel) and 16O + 16O (lower panel) as a function of
incident energy Ec.m.. The solid line indicates the results obtained
with the ASCC inertial mass M(R), the dashed lines are calculated
with the constant reduced mass µred.

barrier. The S factor may reveal in a more transparent way the
influence of the nuclear structure and dynamics.

Figure 11 shows the calculated S factor for the scattering
of 16O + α and 16O + 16O, respectively. For 16O + 16O, the
values of the S factor are plotted on a log scale. The dashed
line is calculated with the same potential V (R) but with the
reduced mass, replacing M(R) by the constant value of µred
in Eq. (30). The effect of the inertial mass is significant in the
deep subbarrier-energy region, especially for the reaction of
16O + 16O at Ec.m. < 4 MeV. Because of a schematic nature of
the BKN density functional, we should regard this result as a
qualitative one. Nevertheless, it suggests the significant effect
of the inertial mass and roughly reproduces basic features
of experimental S factor for the 16O-16O scattering. This
demonstrates the usefulness of the requantization approach
using the ASCC collective Hamiltonian.

IV. SUMMARY

Based on the ASCC method we developed a numerical
method to determine the collective path for the large-amplitude
nuclear collective motion. We applied this method to the
nuclear fusion reactions; 16O + α → 20Ne and 16O + 16O →
32S. In the grid representation of the 3D coordinate space, the
reaction paths, collective potentials, and the inertial masses are
calculated.

The ASCC collective path smoothly connects the initial
state of 16O + α to the ground state of the fused nucleus 20Ne.
It is found the self-consistent collective path is different from
that of the conventional CHF calculation with the quadrupole
or octupole moment as the constraint. For the reaction of 16O +
16O → 32S, we succeed to obtain the 1D reaction path between
16O + 16O and a superdeformed state in 32S. The calculated
inertial mass asymptotically coincides with the reduced mass;
however, it shows a peculiar increase near equilibrium states,
such as the ground state of 20Ne and the superdeformed state
of 32S.

In the present work, we continue to choose the generators
of the same symmetry type to construct the collective path. In
principle we may lift this restriction. For instance, inside the
superdeformed state of 32S, the Kπ = 0+ quadrupole mode is
no longer favored in energy, which may suggest the necessity
to change the generator Q̂ of quadrupole type to octupole type.
The importance of the octupole shape in this region was also
suggested in Ref. [31]. The bifurcation of the collective path
is possible in the ASCC and will be a future issue.

From the ASCC results, it is straightforward to construct
and quantize the collective Hamiltonian to study the collective
dynamics microscopically. The calculated fusion cross section
suggests that the behavior of the inertial mass may have a
significant impact on the fusion probability at deep subbarrier
energies.

Between the superdeformed and triaxial ground states in
32S, we cannot find a 1D collective path to connect them.
Since we made an approximation neglecting the curvature
terms, the mixture of the rotational NG modes takes place in
the triaxial states. The multidimensional collective subspace
may be necessary, which is beyond the scope of the present
work. In the present study, the schematic EDF of the BKN is
adopted. To make more quantitative discussion and apply the
method to heavier nuclei, it is necessary to use realistic EDFs
and include the pairing correlation. These are our future tasks.
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FIG. 1. Density distribution on the x-z plane at four points on
the ASCC fusion reaction path of 16O + α → 20Ne: (a) R = 7.6 fm,
(b) R = 5.2 fm, (c) R = 4.2 fm, and (d) R = 3.8 fm corresponding
to the ground state of 20Ne.

without the spin-orbit interaction. To express the orbital wave
functions, the grid representation is employed, discretizing
the rectangular box into the three-dimensional (3D) Cartesian
mesh. The model space is set to be 12 × 12 × 18 fm3 for the
reaction 16O + α → 20Ne, 12 × 12 × 24 fm3 for the system
16O + 16O → 32S, and the mesh size is set to be 1.1 fm.

A. 16O + α → 20Ne

1. Collective path: 16O + α → ground state 20Ne

As a trivial solution of the ASCC equations, the well-
separated 16O and α both at the ground states can be the initial
state |ψ(q = 0)⟩ to start the iterative procedure in Sec. II B.
Alternatively, the ground state of 20Ne can also be the initial
state for the iteration. Although it is not trivial, we find that
the same trajectory is produced starting from these two initial
states. The ASCC collective path smoothly connects the two
well-separated nuclei, 16O and α, to 20Ne at the ground state.
The ground state of 20Ne has a large quadrupole deformation.
The density profile is shown in Fig. 1(d). At the ground state,
the lowest physical RPA state is found to be the Kπ = 0−

octupole excitation, which has a sizable transition strength of
the operator Q̂30 defined in Eq. (11). Choosing this Kπ = 0−

octupole mode as the generators Q̂(q) and P̂ (q), a series of
states can be obtained by iteration, forming a collective fusion
path of 16O + α ↔ 20Ne. In the asymptotic region [Fig. 1(a)],
the generators smoothly change into those representing the
relative motion between 16O and α. Figure 1 shows density
distributions in the x-z plane (y = 0) at four different points
on the collective path. Figure 1(a) shows the well-separated
16O + α, Fig. 1(d) shows 20Ne at the ground state, and two
intermediate states are shown in Figs. 1(b) and 1(c).

Figure 2 shows the square of moving RPA eigenfrequency
ω2(q) of the generators with K = 0 as a function of relative
distance R. At the ground state of 20Ne (R = 3.8 fm), the parity
is a good quantum number and the RPA mode corresponds to
the negative parity π = −, leading to ⟨ω|Q̂30|0⟩ = 3017 fm3
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FIG. 2. Square of the moving RPA eigenfrequency ω2(q) on the
ASCC collective path of 16O + α → 20Ne, shown as a function of
relative distance R. At the ground state of 20Ne (R = 3.8 fm), this
mode corresponds to the Kπ = 0− octupole mode of excitation.

and ⟨ω|Q̂20|0⟩ = 0. At larger R, the octupole deformation
Q30 increases, then the parity is no longer conserved. The
transition strength ⟨ω|Q̂20|0⟩ becomes nonzero, then gradually
changes its character into the relative motion between 16O and
α. Since the curvature of the potential energy can be negative,
the value of ω2(q) can be negative, leading to imaginary ω(q).
Since the generators keep the K = 0 character all the way,
the states |ψ(q)⟩ on the collective path are axially symmetric.
There appear five NG modes; namely, two rotational modes,
and the three translational modes. In an actual calculation,
these NG modes have finite energy due to the finite mesh
size in numerical calculation. At the ground state, we obtain
ω = 1.9 MeV for the rotational modes, ω = 3.5 MeV for the
translational modes along the x and y directions, and ω =
1.3 MeV for the translational mode along the z direction.

The next lowest K = 0 mode of excitation at the ground
state of 20Ne has the positive parity π = + and a transition
strength of operator of Q̂20, ⟨ω|Q̂20|0⟩ = 5.3 fm2. The RPA
frequency ω of this state is about 10 MeV, which is much higher
than the octupole mode and many other modes with K ̸= 0.
If we adopt this Kπ = 0+ mode as the starting generators,
we cannot construct the collective path connecting the ground
state and two separated nuclei. Generally speaking, the higher
the RPA eigenfrequency is, the more difficult it is to find a
solution of the moving mean-field equation (6).

Figure 3 shows the potential energy of the ASCC collective
path, Eq. (9), as a function of R. The dashed line shows the
asymptotic Coulomb energy on top of the summed ground-
state energies of α and 16O. The ground state of 20Ne is at
R = 3.8 fm, and the top of the Coulomb barrier is located
at R = 7.7 fm. To compare the ASCC collective path with
those obtained with conventional CHF calculations, we show
the octupole moment as a function of R in Fig. 4 for these
different collective paths. Two collective paths of the CHF
calculations are constructed with the constraining operators of
Q̂20 (dotted line) and Q̂30 (dashed line). From Fig. 4 we can
see all these three collective paths deviate from each other. In
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Fig. 1: Density plots along the reaction path
determined self-‐consistently, which connects
two separated nuclei (a), 16O+𝜶, to the single
neon nucleus (d).

Fig. 2: Calculated fusion cross section
(astrophysical S-‐factor) for 16O+𝜶. The dotted
line shows results of a conventional approach
without dynamical effect.
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, is the er-
ror comprising three components:

• �DEexp

i is the experimental error evaluated from
errors of the binding and excitation energies as
given in Refs. [11, 12],

• �DEthe

i is the theoretical uncertainty related to the
averaging over orientations as described above,

• �DE
mod

is the theoretical model uncertainty,
which is an unknown adjustable parameter.

The idea of the fit is to minimize �2 with the additional
constraint of �2 per degree of freedom being equal to one.
The latter condition can be obtained by adjusting the
model uncertainty �DE

mod

, which is responsible for the
spread of the theory-experiment di↵erences. Values of
model uncertainties obtained for three di↵erent Skyrme
forces used in this work are collected in Table III. As it
turns out, the model uncertainty is the main source of the
total uncertainty, which can be checked by comparing it
with the root-mean-square deviations (RMSD) between
theory and experiment, see Table III.

TABLE III. Values of the model uncertainties, �DE
mod

, and
RMSD of MDEs and TDEs obtained for three EDFs consid-
ered in this work. All values are in keV.

SV
T

SkM* SLy4

�MDE
mod

190 150 120
RMSD(MDE) 200 150 120

�TDE
mod

92 110 110
RMSD(TDE) 95 110 110

III. COMPLEMENTARY RESULTS FOR SKM⇤

AND SLY4

As stated in the Letter, calculations of MDEs and
TDEs with the extended Skyrme forces involving the
strong-force class II and III contact terms were performed
for three di↵erent Skyrme EDFs SV

T

, SkM⇤, and SLy4.
As shown in the Letter, within the model uncertainties,
the resulting coupling constants tII

0

and tIII
0

are fairly in-
dependent of the EDF. Below in Figs. 7–10, for the sake
of completeness, we present results obtained for the EDFs
SkM⇤ and SLy4, whereas the analogous SV

T

results were
shown in Figs. 2 and 3 of the Letter. As we can see, for
all three parametrizations, the agreement between ex-
perimental and theoretical values is similar. This nicely
confirms that the method proposed in this work is indeed
almost perfectly independent on the isoscalar charge-
independent part of the functional. In this sense it is
a quite robust method to assess the strong-force isospin-
symmetry-breaking e↵ects in N ⇡ Z nuclei.
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FIG. 7. (Color online) Theoretical and experimental values of
MDEs for the T = 1/2 (a) and T = 1 (b) mirror nuclei, shown
with respect to the average linear trend defined in Fig. 1 of the
paper. Calculations were performed using SkM⇤ functional
with the ISB terms added. Shaded bands show theoretical
and experimental uncertainties. Full (open) symbols denote
data points included in (excluded from) the fitting procedure.
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FIG. 8. (Color online) Same as in Fig. 7 but for the T = 1
TDEs with no linear trend subtracted.

Fig. 3: The nuclear mass difference among the isospin triplets
(triangles), called triple displacement energy (TDE). The
conventional theory predicts the solid line, which is very
different from experimental data (squares).


