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-1977 yr(1964 nucl.)
-1984 yr(2196 nucl.)
-1992 yr(2521 nucl.)
-2000 yr(2817 nucl.)
-2008 yr(2943 nucl.)
-2014 yr(3150 nucl.)
 Stable

Known nuclides

N=28 N=50 N=82 N=126

Z=28

Z=50

Z=82

Z=114

from Chart of the Nuclides 
(JAERI,JAEA)

RIBF(2010 yr(45nucl.))
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 AME88 (1659 nuclei)
 AME95 (1844 nuclei)
 AME03 (2228 nuclei)
 AME11 (2377 nuclei, int)
 AME12 (2438 nuclei)
 known nuclides (-2008)

                    (2941 nuclei)
 prediction (KTUY05)

Mass-measured nuclei
from Atomic Mass Evaluation

taken from Chart 
of the nuclides by 
JAERI and JAEA
(HK, et al., 2015)

r-process

r-process

SHE

SHE

2amdc.impcas.ac.cn/

wwwndc.jaea.go.jp/CN14/index.html

Identified

Mass-
measured

~3150 nuclei

~2400 nuclei
Atomic Mass 

Evaluation is updated 
as AME2016

Search of  nuclei: current understandings
I. Introduction

http://amdc.impcas.ac.cn
http://wwwndc.jaea.go.jp/CN14/index.html
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RMS dev. from AWT03:
2.93 MeV (Z, N ≥ 8)

Mexp. − MWB

Mass data : 2012 Atomic mass evaluation 
(M. Wang, G. Audi, A.H. Wapstra et al.)

•Existence of magic number
N=28,50,82,126
Z=28,50,82

208Pb
132Sn

aV as aI aC aeo

15.604 17.472 22.99 0.7073 12.338 (MeV)
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Mexp-MWB
(MeV)

N=Z
 rid

ge

•Wigner energy
N=Z ridge

MWB(Z, N)=Z m
H
 + N mn − B(Z,N)

             =Z m
H
 + N mn − aVA + asA2/3 + aI(N−Z)2/A + aCZ(Z-1)/A1/3 + δeo

�eo =

�
⇤

⇥

�aeo/A1/2 for even-Z and even-N
0 for odd-A
+aeo/A1/2 for odd-Z and odd-N

Weizsäcker-Bethe semi-empirical atomic mass formula

II. Bulk properties of nuclear mass

100

80

60

40

20

0

Pr
ot

on
 N

um
be

r Z

160140120100806040200
Neutron Number N

-10 -5 0 5

Shell energy

=

Trend in MeV-order

From the ‘exp.’ shell energy:

•Depression due to the deform.
rare-earth, actinide
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 ground-state
 first 0+ state

Z=50 N=82 Z=82 

- Experiment -

Shape transition and shell energies

β from B(E2) : S. Raman et al., ADNDT78 (2001)
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Notable feature on discontinuity of derivative of mass values

•Z=50, N=82 and Z=82 discontinuity of derivative: Spherical single-particle shell closure

•N=88-90 discontinuity: Shape transition 

N=88-90

- Schematic -

Fig. (a) N-Z plane
Fig. (b) cross section 
along dashed line in (a)
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Num.:1715 nucl.
Ave.=−1.69 keV
RMS dev.=331.8keV

AM12 (without sys.)

Garvey-Kelson relation

≈ 0
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known 
nuclides
(2008)

N=81N=79

N=88

N=90

N=28 N=50 N=82 N=126

Z=28

Z=50

Z=82

N=Z

Mass relation: Garvey-Kelson systematics
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Region num. Average RMS dev.

All 1715 -1.7 (keV) 331.8(keV)

 A>100 1202 -0.03 161.2

 A≤100 513 -29.3 554.1

larger

Light region

− +

−+

− +

≈ 0 proton
neutron

A consideration of cancellation 
of core + valence nucleons 
(based on the shell model)

•Assumption: Cores among 
related six nuclei are the same.
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Region num. Average RMS dev.

All 1715 -1.7 (keV) 331.8(keV)

 A>100 1202 -0.03 161.2

 A≤100 513 -29.3 554.1

 N-
Z=2

4

larger

Light region

GK type mass formula:
Comay-Kelson-Zidon (CKZ1988)
Jänecke-Masson (JM1988)
Masson-Jänecke(MJ1988)
 (ADNDT39, 1988) 

Shape transition

− +

−+

− +

≈ 0 proton
neutron

A consideration of cancellation 
of core + valence nucleons 
(based on the shell model)

•Assumption: Cores among 
related six nuclei are the same.

In heavy region, the GK sys. gives some 
transition as changes of structures, especially  
nuclear shape. 

Trend in 100 keV-order



III. Mass formulae

KTUY mass model



KUTY (KTUY) mass formula (Koura,Uno,Tachibana,Yamada (00,05)

Calculated from Spherical single-particle potential 
for any nuclei (includes the BCS paring, reduction)

Spherical nuclei
Mshell(Z,N): shell term

Mgross(Z, N): gross term

   a( A) = a1+a2 A–1/3+a3A–2/3+a4( A+αa)–1

b( A) = b 1+b 2 A–1/3+b 3 A–2/3+b 4( A+αb)–1

c( A) = c1+c2 A–1/3+c3 A–2/3+c4( A+αc)–1

M(Z, N)=Mgross(Z, N)+Meo(Z, N)+Mshell(Z, N)

Deformed nuclei (Spherical-basis condieration)
Obtained by an appropriate mixture of the above 
spherical shell energies + liquid-drop deform. energies

  Mgross(Z,N)=MHZ+MnN+a( A) A+b( A) N–Z   +c( A)(N–Z)2/ A + EC(Z,N) – k elZ 2.39

H. K, et al., Nucl. Phys. A 674, 47 (2000)
H. K, et al., Prog. Theor. Phys. 113, 305 (2005)



KUTY mass formula (Koura, Uno, Tachibana, Yamada (2000))

M(Z, N)=Mgross(Z, N)+Meo(Z, N)+Mshell(Z, N)

• Mshell(Z,N): shell term

calculated from Spherical single-particle potential 
for any nuclei (includes the BCS paring, reduction)

Spherical nuclei

   Vcen(r)= V0
1

1 + exp [(r – Rv)/ av]
av/κ

  
1 + Vdp

1
1 + exp [–(r – Rv)/ av] (Central component)
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Differences between calc. and exp. levels: within 330 keV for 132Sn, 208Pb

Single-particle levels of 208Pb

H. K. and M. Yamada, Nucl. Phys. A 671, 96 (2000)



Nuclear shell energy with deformation 
(Spherical-basis consideration)

   
Wndef(N';Z,N) =– 1

4π
dΩ(r(N'))

dN'Differential

1.0
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0.0

P d
ef
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m

radius r (correspond to N, or Z)

Rmin, Ω/4π=1 Rmax, Ω/4π=0

spherical
deformed

Mixing weight Wdef

E
sh

(Z,N) =
X

def.

(< Esph
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(Z,N) >
def. +�E

S

(Z,N)��E
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(Z,N)��E
pro

(Z,N))

−10

0
10

80706050
Neutron (proton) number

Spherical shell

Weight

< Esph
sh (Z,N) >def =

�

Z�

Wpdef(Z �;Z,N)Epsph(Z �.N ��)

+
�

N �

Wndef(N �;Z,N)Ensph(Z ��.N �)
Spherical shell

energy 

Pdeform: occupation probability of deformation state 
on the spherical basis

‘ ‘
spherical single-particle state

Liquid-dropmicro.

Solid angle Ω

micro.

Current calc.:
α2,4,6 deformation 
(not asym. shape)

H. K, et al., Nucl. Phys. A 674, 47 (2000)



Nuclear shell energy of KUTY
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III. Mass formulae

Other mass models and comparison



Skyrme-Hartree-Fock-Bogoliubov mass formula 
(2002-)

BSk21 force parameter set:
t0=-3961.39 MeV fm3, t1=396.131 MeV fm5

t2=0 MeV fm5, t3=22588.2 MeV fm3+3α
t4=-100.000 MeV fm5+3β, t5=-150.000 MeVfm5+3γ
x0=0.885231, x1=-0.0648452, t2x2=1390.38 MeV fm5

x3=1.03928, x4=2.00000, x5=-11.0000
W0=109.622 MeV fm5, α=1/12, β=1/2, γ=1/12
f+n=1.00, f+p=1.07, f-n=1.05, fp=1.13
VW=-1.80 MeV, λ=280, V'W=0.96, A0=24

13

Etot = EHFB+ Ewigner The long road in the HFB mass model development

HFB-2 : Possible to fit all 2149 exp masses Z!8 659 keV

HFB-3: Volume versus surface pairing 635 keV

HFB-4-5: Nuclear matter EoS: M*
s=0.92 660 keV

HFB-6-7: Nuclear matter EoS: M*
s=0.80 657 keV

HFB-8: Particle-number projection  635 keV

HFB-9: Neutron matter EoS 733 keV

HFB-10-13: " Low pairing & NLD 717 keV

HFB-14: Collective correction and Fission Bf 729 keV

HFB-15: Coulomb correlations / CSB 678 keV

HFB-16: Pairing constrained to NM 632 keV

HFB model: a weapon of mass production
Accuracy
$rms (2149 nuc)

Maximum Constraints on both Nuclei and Infinite Nuclear Matter

including fission barriers, shape isomers, NLD, GR for applications !
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HFB21(2010)

RMS dev. for Sn=526 keV
for 2143 nuclei (AME2011)

Mass Sn
HFB21 gives a 

less than 600 keV 
of the RMS dev.

In the light region 
there is some 
discrepancy in 

derivatives as Sn. 

Referred mass 
data:AME03

by S. Goriely et al.



• The HFB calc. seems to violate the GK summation.

G-K sys. check for HFB formulae
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Garvey-Kelson relation
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HFB8(2004) HFB21(2010)

AME11(exp) HFB2(2002)
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FRDM1995 : gives a smooth trends
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KTUY2005 : gives a smooth trends

G-K sys. check for FRDM and KTUY

140

120

100

80

60

40

20

0

Pr
ot

on
 n

um
be

r Z

200180160140120100806040200
Neutron number N

−500

−400

−300

−200

−100

0

100

200

300

400

500

G
K (keV)

Num.:1715 nucl.
Ave.=−1.69 keV
RMS dev.=331.8keV

AM12 (without sys.)

Garvey-Kelson relation

≈ 0

N

Z
−
+

+

+−
−

known 
nuclides
(2008)

N=81N=79

N=88

N=90

N=28 N=50 N=82 N=126

Z=28

Z=50

Z=82

N=Z

• FRDM and  KTUY give a smooth trends.
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Extrapolation to the n-rich nuclei

• In old-type mass formulae (-1988), mass values extremely 
diverge in the very neutron-rich region
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Solar abundance
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n-drip of  
WB
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Predicted mass values still 
diverge. 

Even among HFB’s, mass values 
diverge in the n-rich region. 

(several MeV) 
Poor experimental mass data.

(Only since 1990-)
n-drip of  
WB
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7-8 M
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13-14 M
eV6MeV

Coverge

since 1988!

Extrapolation to the n-rich nuclei

A=130

A=195

n-drip of  
WB
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IV. Application to r-process

Mass-model dependency
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• TUYY: gross term (WB-like with higher 
expansion) + empirical shell term.

• KTUY: TUYY gross term + deformed shell with a 
modified Woods-Saxon pot.

• FRDM: Macroscopic Droplet +  microscopic 
deformed shell with a folded Yukawa pot.
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 Nr=N(Solar abund.)-N s
 Nr  r-only nuclei

20

dip

-Check the mass formulae as astrophysical data-

S2n for equilibrium eq. (determine the path) and Q
β
 for λβ: 

estimated from mass formulae (TUYY, KUTY, FRDM)

Steady flow +Waiting point Approximation

Neutron-number density (Nn) and temperature (T9) are constants 
(n,γ)-(γ,n) equilibrium is established over an irradiation time τ

• Canonical model

Nn,T9,τ: chosen to reproduce the abundance peak at A=130 (obs.)

R-process nucleosynthesis
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Change of shape?

(unknown)

no indication

no indication
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Discontinuous change of shape 
would gives kink of Sn. (FRDM case)

Theoretical (numerical) problem?
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IV. Application to r-process

Effect of fission



Nuclear masses and fission barrier:
KTUY (Koura-Tachibana-Uno-Yamada) mass formula
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• n-induced fission

•  β-delayed fission

254Es

Neutron-induced fission and β-delayed fission
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Time evolution of the r- process

28

S=200, Bf -> BfKTUY-3MeV

S. Chiba, H. Koura,… (2007)
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V. Recent study of beta-decay
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IV. IMPROVEMENTS TO THE GROSS
THEORY
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Pink: ground-state single particle level

FIG. 2. Schematic view of single-particle levels for 131
49 In82 and

132
49 In83. n: neutron. p: proton. The text in pink indicates
the ground-state level. The indicated levels were estimated
from data in Ref. [9]

.

The decay constant for β decay is expressed as in
Eq. (1). Note that each transition depends on the par-
ticular nuclear structure, such as the spin, parity, and
deformation. In the framework of the original gross the-
ory, the transitions are not restricted by the nuclear mi-
croscopic properties. Intensities of all types of transition
are calculated for the corresponding E, and for all nuclei,
they are integrated from −Qβ to 0.
Consider a single-particle level for the neutron and pro-

ton in the ground state at a Fermi surface. Figure 2 shows
examples of this for 131

49 In82 and 131
49 In82. In the case of

131
49 In82, the single-neutron level of the ground state is
2d3/2 with positive parity, while the single-proton level
of the ground state is 1g9/2 with positive parity; note that
these have the same parity. In the case of 132

49 In83, how-
ever, the single-neutron level of the ground state changes
to 2f7/2 with negative parity, and this change affects the
transition. In an actual nucleus undergoing β decay, the
decay rate is the sum of all of the corresponding transi-
tions at all possible levels between neutrons and protons;
however, the ground-to-ground state is generally domi-
nant, because the integrated Fermi function, f(E), at the
ground state of the daughter nucleus is generally large.
Considering the above situation, we add a factor to

the gross theory to hinder particular transitions, espe-
cially allowed transitions. In general, an allowed transi-
tion should be forbidden if the parities of the parent and
daughter nucleus are different, and if the change in spin
is more than two. In the current framework of the gross
theory, however, the levels are on a continuum, and so the
realistic spin-parity of nuclei cannot be considered. We

will thus make some assumptions and refine the theory
as described below.

The squared matrix element is expressed as in Eq. (4).
The discrete levels (l and s) correspond to the ground-
state levels. The continuum (c) includes levels with var-
ious types of spin-parity. Therefore, we will propose a
model to estimate both the spin-parity of single-neutron
and single-proton ground-state levels, and the matrix
elements related to these discrete levels will contain a
hindrance. When the parity of the ground-state neu-
tron and proton are mismatched in the allowed transi-
tion, in the model calculations, the matrix-element parts
s→l, l→c, and c→l are eliminated, and the continuum-
to-continuum part, c→c, remains, as shown in Fig. (1).
In our phenomenological approach, we will only focus on
parity mismatching; change of spin will not be further
considered at this time.

We emphasize that this treatment is applied to all
nuclei: even-even, odd-A, and odd-odd. In the case
of odd-A, the estimated spin-parity may coincide with
that found experimentally, if the total experimental spin-
parity is governed by the single-particle state.

To estimate the spin-parity, we adopt a modified
Woods-Saxon potential for spherical nuclei over the en-
tire nuclear chart [9]. This only applies to small nuclear
shapes. We estimate the nuclear deformation from a
global calculation of ground-state nuclear masses, and
we then apply the KTUY mass formula [10] to the esti-
mation. The threshold deformation parameter is deter-
mined so that experimental trends are reproduced, and
we adopt the parameter α2=0.05.
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FIG. 3. Mismatching of parity between ground-state neutron
levels and proton levels (Red). Only nuclei on the β− side are
plotted. Filled squares (Black): stable or long-lived nuclides.
Open squares (green): nuclides experimentally identified [11].
Dot (gray): nuclides predicted to exist by the KTUY mass
model [10].

Figure 3 shows the locations of mismatched parity for
a wide region of nuclear masses. The region with mis-
matching is located near points that result in the magic
number of neutrons and protons: for example, N ∼ 126
with 60 ≤ Z ≤ 80, and N ∼ 82 with 40 ≤ Z ≤ 60. The
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Figure 3 shows the locations of mismatched parity for
a wide region of nuclear masses. The region with mis-
matching is located near points that result in the magic
number of neutrons and protons: for example, N ∼ 126
with 60 ≤ Z ≤ 80, and N ∼ 82 with 40 ≤ Z ≤ 60. The

No parity change Parity change

Estimated region of parity-mismatching by a 
modified Woods-Saxon pot. 
(H.K. and M. Yamada, NPA 671 2000)

Improvement of the gross theory : Hindrance 
factor is introduced for allowed transition on 
change in parity obtained from calculated SPL.
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FIG. 5. Ratio of calculated β− decay half-lives to experimen-
tal ones, shown on the logarithmic scale. (Top panel): The
original gross theory. (Bottom panel): Our enhanced gross
theory.

the sum rule for corresponding nuclei. This is another
area for further work.

VI. SUMMARY

In conclusion, we enhanced the gross theory of β-decay
by considering parity changes in the allowed transitions.
In this treatment, the nuclear matrix elements are sup-
pressed when the parity of the single neutron and pro-
ton are different in the allowed transition. The parity is
assigned by using the Woods-Saxon-type single-particle
potential and the KTUY nuclear mass model. Compared
to experimental data, the original gross theory underesti-
mates the half-lives in the vicinity on the magic numbers
of neutrons and protons; this was improved by our en-
hancement.
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•A short review of systematical properties of experimental nuclear masses is given.

-Mass-systematics like G-K is a good tool to check mass values.

•Some mass formulae are reviewed and compared: 

-Old-parametrized mass formulae (in 1976, 1988) generally fail to extrapolation.

-HFB-type mass formulae give anomaly on GK-sys.

•A mass-model dependency to the r-process is discussed.

•Fission cycle would affect the r-process abundance.

VI. Conclusion
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