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V Gamma vibrations (Fig. 6-38) 

The occurrence of a rather low-lying K r = 2 +  band (y vibration) is a 
systematic feature in the spectra of the even-even deformed nuclei. A detailed 
discussion of this excitation is given for the case of 166Er on pp. 164ff.; other 
examples are illustrated in Fig. 4-7, p. 63 (16'Er), Fig. 6-31, p. 534 (I5'Sm, 
'54Sm), and Fig. 6-32, p. 536 (18sOs). The evidence on the excitation energy of 
this mode is collected in Fig. 6-38. A 
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Figure 6-38 Systematics of p- and y- vibrational frequencies for 150 < A < 192. The figure 
shows the energies of the lowest Km = 0 + , Z = 0, and Km = 2 + , Z = 2 intrinsic excitations. The 
data are taken from the compilation by Sakai (1970) and from: '76Hf (F. M. Bernthal, J. 0. 
Rasmussen, and J. M. Hollander in Radioactivity in Nuclear Spectroscopy, p. 337, eds. J. H. 

Giinther, P. Kleinheinz, R. F. Casten, and B. Elbek, Nuclear Phys. A172, 273, 1971). 
Hamilton and J. C. Manthuruthil, Gordon and Breach, New York, 1972); 182*1847186W (C. 

V The y-vibrational bands are excited in inelastic processes with enhanced 
matrix elements. For an E 2 excitation K = 0, I = O+ K = 2, I = 2, the 
appropriate single-particle unit for the transition probability is 2BW(E2) .  (See 
Eq. (3C-38) for the definition of B,(E2) and Eq. (4-92) for matrix elements 
in the rotational coupling scheme.) Values of the observed E2-transition 
probabilities are given in the examples referred to above, and are seen to be A 

✓ Systematically appears in the even-even 
deformed nuclei 

✓ Low-frequency quadrupole vibration along the γ 
direction 

✓ Soft mode of the triaxial deformation

universality of emergence of the collective mode across the nuclear chart

How about in neutron-rich deformed nuclei?

A well-established collective vibration

sensitive to the shell structures
classical picture not applicable



J. Erler et al., Nature 486(2012)509

Exploring the quadrupole collectivity around 170Dy66 104

Middle of the major shells between 132Sn and 208Pb

✓Effect of neutron excess on the occurrence of γ-vibration 
✓Shell structure in neutron-rich medium-heavy nuclei
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Supplementary Figure 2 | Predicted isoscalar quadrupole deformations. Survey of mass 

(isoscalar) quadrupole deformations calculated with six EDFs:  SkM*, SkP, UNEDF1, SLy4, 

UNEDF0, and SV-min. 
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Decay spectroscopy at RIKEN RIBF
H. Watanabe et al., PLB760(2016)641

Long-lived isomeric state

Ground-state rotational band

Possible gamma band

Gd Dy Er Yb

Sudden decrease in the 
excitation energy at N=106

172Dy106P.-A. Söderström et al., PLB762(2016)404
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Hartree-Fock-Bogoliubov (HFB) like equation in coordinate space

“s.p.” hamiltonian and pair potential:

Response to the weak external field        :

transition matrix elements:

w/ Skyrme + pairing energy-density functional
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Nuclear DFT for collective vibration
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collective mode = coherent superposition of 2qp excitations



Single-particle energies in 172Dy
SkM*

-0.1 0 0.1 0.2 0.3 0.4 0.5

-16

-14

-12

-10

-8

-6

-4

-2

Pr
ot

on
 s

in
gl

e-
pa

rti
cl

e 
en

er
gy

 (M
eV

)

g9/2

g7/2

d5/2

h11/2

d3/2
s1/2

Deformation paramerer β
-0.1 0 0.1 0.2 0.3 0.4 0.5

-14

-12

-10

-8

-6

-4

-2

0

Deformation paramerer β

N
eu

tro
n 

si
ng

le
-p

ar
tic

le
 e

ne
rg

y 
(M

eV
)

h11/2

f7/2

h9/2

i13/2
p3/2

p1/2

f5/2

g9/2

[411]1/2

[413
]5/2

∆N = 0 or 2,∆n3 = 0,∆Λ = ∆Ω = 2

begin

⟨Ψλ|F̂ |Ψ0⟩ =

∫
drδρ(r;ωλ)v

ext(r)

end

δρi(r) =

∫
dr′χij

0 (r, r′)

[
δ2E

δρjδρk
δρk(r

′) + vext
j (r′)

]

vext(r)e−iωt

hq =
δE
δρq

, h̃q =
δE
δρ̃q

(
hq(rσ) − λq h̃q(rσ)

h̃q(rσ) −(h(rσ) − λq)

)(
ϕq

1,α(rσ)
ϕq

2,α(rσ)

)
= Eα

(
ϕq

1,α(rσ)
ϕq

2,α(rσ)

)

1

102
104

66

[411]3/2

98 100 102 104 106 108 110 112 114
0.22

0.24

0.26

0.28

0.3

0.32

0.34

Dy

D
ef

or
m

at
io

n 
pa

ra
m

et
er

N

SkM*



Gamma-vibration in the neutron-rich Dy isotopes
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softening of γ-vibration

H. Watanabe et al., PLB760(2016)641
P.-A. Söderström et al., PLB762(2016)404

KY, H. Watanabe, PTEP (in press.)



@N=102
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Microscopic structure of the γ-vibration: isotopic dependence
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Microscopic structure of the γ-vibration: isotopic dependence
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Microscopic structure of the γ-vibration: isotopic dependence
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Microscopic structure of the γ-vibration: isotopic dependence

0

0.5

1

1.5

2 SkM*
NNDC
RIBF

En
er

gy
 (M

eV
)

St
re

ng
th

 (f
m

4 )

Dy

St
re

ng
th

 (f
m

4 )

98 100 102 104 106 108
0

2000

4000

6000

8000

10000

N

neutrons

0

1000

2000

3000

4000
protons

@N=108

-0.1 0 0.1 0.2 0.3 0.4 0.5
-14

-12

-10

-8

-6

-4

-2

0

Deformation paramerer β
N

eu
tro

n 
si

ng
le

-p
ar

tic
le

 e
ne

rg
y 

(M
eV

)

h11/2

f7/2

h9/2

i13/2
p3/2

p1/2

f5/2

g9/2

[512]3/2

[514]7/2
[510]1/2

[512]5/2

∆N = 0 or 2,∆n3 = 0,∆Λ = ∆Ω = 2

begin

⟨Ψλ|F̂ |Ψ0⟩ =

∫
drδρ(r;ωλ)v

ext(r)

end

δρi(r) =

∫
dr′χij

0 (r, r′)

[
δ2E

δρjδρk
δρk(r

′) + vext
j (r′)

]

vext(r)e−iωt

hq =
δE
δρq

, h̃q =
δE
δρ̃q

(
hq(rσ) − λq h̃q(rσ)

h̃q(rσ) −(h(rσ) − λq)

)(
ϕq

1,α(rσ)
ϕq

2,α(rσ)

)
= Eα

(
ϕq

1,α(rσ)
ϕq

2,α(rσ)

)

1

108



Strong collectivity of the γ-vibration around N=108-110
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GT-strength distribution in 158Nd
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Summary

Low-lying modes of excitation in medium-heavy neutron-rich nuclei are described 
microscopically in a framework of the Skyrme-EDF based QRPA.

neutron-rich rare-earth nuclei: heaviest neutron-rich nuclei with spectroscopic studies 
been made

isotopic trend in the γ-vibartion and β-decay properties are well reproduced

shell structure of the medium-heavy neutron-rich nuclei are reasonably described

deformation and T=1 pairing correlations lead to fragmentation of the GT states

stronger collectivity of the γ-vib. around 174-176Dy is predicted

T=0 pairing interaction should be investigated in more detail

The EDF-based deformed QRPA is a promising tool to investigate/predict the excitation 
modes of excitation in exotic nuclei.



F. Browne et al., PLB750 (2015) 448
T. Sumikama et al., PRL106 (2011) 202501

0

0.1

0.2

0.3

0.4

0.5

SkM*
SLy4
Nucl. Data
RIBF

56 58 60 62 64 66 68 70 72
1

1.5

2

2.5

3

3.5

N

R 4
/2

B(
E2

: 2
+ →

0+ )
 (e

2 b
2 ) begin

B(E2 : 2+
1 → 0+

gs) =
Q2

0

16π

end

|Ψλ⟩ = Γ†
λ|Ψ0⟩ =

∑

αβ

[Xλ
αβa

†
αa

†
β − Y λ

αβaβaα]|Ψ0⟩

[H,Γ†
λ]|Ψ0⟩ = ωλΓ

†
λ|Ψ0⟩

P̂T=1,Tz=0,S=0 ≡
1

2

∑

σ,σ′

∑

τ,τ ′

∫
drψ̂(rστ )δσ,σ′⟨τ |τ0|τ ′⟩ψ̂(rσ̄′τ̄ ′)

P̂T=1,Tz=0,S=0 ≡
1

2

∑

σ,σ′

∑

τ,τ ′

∫
drψ̂(rστ )δσ,σ′⟨τ |τ0|τ ′⟩ψ̂(rσ̄′τ̄ ′)

q ≡ ⟨P̂T=1,Tz=1,S=0⟩ =
√
2

∫
drρ̃ν(r)

P̂T=1,Tz=1,S=0 ≡
1

2

∑

σ,σ′

∑

τ,τ ′

∫
drψ̂(rστ )δσ,σ′⟨τ |τ+|τ ′⟩ψ̂(rσ̄′τ̄ ′) =

√
2

∫
drψ̂ν(r ↓)ψ̂ν(r ↑)

1

Highly deformed toward N=72 in the neutron-rich Zr isotopes
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FIG. 1. (Color online) Two-neutron separation energies for the
neutron-rich zirconium isotopes. The drip line is located where the
separation energy becomes zero. The 122Zr isotope is the last stable
nucleus against two-neutron emission.

Calculations performed with the HFB-2D-THO code used 20
transformed harmonic oscillator shells. Figure 1 shows the
calculated two-neutron separation energies for the zirconium
isotope chain. The two-neutron separation energy is defined as

S2n(Z,N ) = Ebind(Z,N ) − Ebind(Z,N − 2). (4)

Note that in using this equation, all binding energies must be
entered with a positive sign. The position of the two-neutron
drip line is defined by the condition S2n(Z,N ) = 0, and nuclei
with negative two-neutron separation energy are unstable
against the emission of two neutrons. As one can see, both
methods (HFB-2D-THO and HFB-2D-LATTICE) are in excellent
agreement for the two-neutron separation energy for the entire
isotope chain. Particularly, the 122Zr isotope is predicted in
both calculations as the drip-line nucleus. In addition, we
also give a comparison with the latest experimental data,
available only up to the isotope 110Zr [17]. As shown on Fig. 1,
the separation energy values obtained from the experiment are
somewhat larger than the theoretical calculations although the
trend remains the same.

In Fig. 2, we compare the intrinsic proton and neutron
quadrupole moments calculated with the LATTICE code and
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FIG. 2. (Color online) Intrinsic quadrupole moments for protons
and neutrons.
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FIG. 3. (Color online) Mass quadrupole parameter β2 comparison
for neutrons. Calculations by Lalazissis et al. [19], HFB-2D-LATTICE,
and Möller et al. [18] (FRDM) (β2 total is shown).

the THO code. Available experimental data [16] are also given.
Generally, we observe a nearly perfect agreement between the
two codes as well as with the experiment. The deformations
(for neutrons ) in terms of the deformation parameter β2 for
those nuclei, namely, for the 102−112Zr isotopes range from
β2 = 0.42 to β2 = 0.47. Both the basis-spline lattice code and
the HFB-2D-THO code predict the 112Zr isotope to have the
largest ground state deformation. For mass numbers larger
than 112, we observe a transition to spherical ground state
shape. This phenomenon had been also found in calculations
performed by Möller et al. [18] [finite range droplet model
calculations (FRDM)] and in relativistic mean-field calcula-
tions by Lalazissis et al. [19]. We depict this comparison in
Fig. 3 . Experimental deformations for protons are available
for two isotopes, 102Zr and 104Zr [16]. Calculations agree
with the experiment reasonably well and give β2 values
of 0.42, 0.43; while the experiment predicts β102

2 = 0.42,
β104

2 = 0.45.
In Fig. 4, we compare the root-mean-square radii of protons

and neutrons predicted by the LATTICE code and the THO
code. Both codes give nearly identical results for the whole
isotope chain. Only one experimental data point is available,
the proton rms radius of 102Zr [12]. The experiment yields a

100 104 108 112 116 120 124

A

4.4

4.5

4.6

4.7

4.8

4.9

5

r(
fm

)

HFB-2D-TH0
HFB-2D-LATTICE
EXP

neutrons

protons

FIG. 4. (Color online) Root-mean-square radii for the chain of
zirconium isotopes.

054321-3

A. Blazkiewski et al., PRC71 (2005) 054321

SLy4



Deformation effect on GT strength distributions
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Beta-decay half-lives of Zr isotopes w/ T=0 pairing int.

✓Strength of T=0 pairing determined at 
N=60

✓reproduces well the observed isotopic 
dependence with T=0 pairing 
✓Effect of the T=0 pairing is small beyond 
N=68
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