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https://people.nscl.msu.edu/~witek/fission/fission.html 
Team  

Progress in Spontaneous Fission studies in last 2-3 years will be discussed
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Spontaneous fission observables  

q Spontaneous fission half-life 

q Fission fragment yields 
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Mass distribution in the spontaneous fission of 24°Pu 1489 

A comparison of all published spontaneous fission yield mass curves is shown in 
Fig. 2. Several trends are obvious as the mass of the nucleus undergoing spontaneous 
fission increases. Most noticeable is the increasing width of the peaks indicating a 
general broadeningofthe mass distribution. Although thewidth of the trough appears 
to be decreasing, no significant change in the symmetric mode of fission can be seen 
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because fission yields at the bottom of the trough have never been obtained. Fine 
structure appears in the peaks in three of the nuclides studied, and in the case of ~aU 
insufficient experimental evidence is available to discuss the subject. The results of 
GLENDENIN and STEINBERG for 252Cf show pronounced fine structure which does not 
appear in NERVIK'S curve for the same nuclide. However, the former workers were 
forced to place large errors on their results because of the very small amount of ~s2Cf 
available for their investigation. 

Since neutron induced fission of ~agPu produces a compound nucleus which is ~°Pu 
in an excited state, comparison of yield: mass curves for 2agPu (n,f,) and ~aPu (s.f.) 
should show the variation in fission modes as excitation of the fissioning nucleus in 
increased from the ground state, Unfortunately, information on high energy neutron 
induced fission of ~aapu is rather scarce; the available results are shown in Fig. 3. 



Spontaneous fission half-life 

T1/2 =
ln 2

nP

n	is the number of assaults on the fission barrier per unit time		

P = (1 + exp 2S(L))�1Penetration probability à  

S(L) =

Z s2

s1

1

~ [2Me↵(s) (Ve↵(s)� E0)]
1/2 dsAction integral along  

the fission path	L(s) à	

(WKB)	

L(s) 
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s1 

s2 Ve↵(s) = V along L(s)

Me↵(s) = e↵ective M along L(s)

E0 = ground state vibrational energy

Most	probable	fission	path	=	Minimum	ac;on	path	

V > E0

A. Baran, Phys. Lett. B 76, 8 (1978) 
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V = E0

Example :- 

We need V (q1, q2....),M(q1, q2....) Self-consistent DFT 
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Quality	Input	

Numerical	Techniques	

Dynamics	

ConfrontaFon	with	
experiment;	predicFons	

PRC	80,	014309	(2009)	

Large-scale	SimulaFons	
on	Leadership-class	Computers	

Collective 
potential and 

inertia  

Action 
minimization 

technique 

Spontaneous 
fission pathways  

& T1/2 
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Our Strategy  

Solve HFB  
Equations 

Proper EDF 
(Skyrme: SkM* + 
mixed pairing)  

Symmetry 
unrestricted DFT 

solver: HFODD  
N. Schunck et al. Comp. Phys. 
Comm. 183, 166 (2012)	
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Calculated potential energy 
�[⇢] à	Skyrme	funcFonal	with	SkM*	parametrizaFon	

f(r) = V (n,p)
0


1� 1

2

⇢(r)

⇢c

�

opFmized	for	fission	study	

⇢c = 0.16fm�1 V n
0 = �268.9MeV fm3

V p
0 = �332.5MeV fm3

Adjusted	to	reproduce	the		
‘n’	&	‘p’	pairing	gaps	of	252Fm	

A. Staszczak et al. Phys. Rev. C 87, 024320 (2013) 

J. Dobaczewski et al. Comp. Phys. Comm., 158, 158 (2004)  

J. Bartel et al. Nucl. Phys. A 386, 79 (1982) 
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264Fm 
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Calculated	with	two	constraints		
Q20	(elongaFon)	and	Q22	(triaxiality)	



Mij =

p
�1

2
Tr

�
F i⇤Zj � F iZj⇤�

Calculation of inertia 
ATDHFB Inertia:-

�F i⇤=

✓
BT @⇢0

@qi
A+BT @0

@qi
B �AT @⇤

0

@qi
A�AT @⇢⇤0

@qi
B

◆
q̇i iF i = EZi + ZiE + E1

Cranking Approximation

✗	

E, matrix of quasiparticle energies

DerivaFves	of	staFc	densiFes	(ρ0,	κ0)	can	be	calculated		
using	Lagrange	three-point	formula	

A,B are quasiparticle wavefunctions

need	to	know	Fme-odd	densiFes		
to	calculate	E1	

⇢0,0 required at three nearby points !!!

(AlternaFve	way:-	perturbaFve	approximaFon)	

MCp

= ~2[M (1)]�1[M (3)][M (1)]�1 M (k)
ij =

X

↵�

h0|Q̂i|↵�ih↵�|Q̂†
j |0i

(E↵ + E�)
k

Widely used to calculate fission lifetimes

MC
ij =

~2
2q̇iq̇j

X

↵�

⇣
F i⇤
↵�F

j
↵� + F i

↵�F
j⇤
↵�

⌘

E↵ + E�

A. Baran et al. Phys. Rev. C 84, 054321 (2011) 
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Unit	=	10-3	!2/MeVb2 
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Action minimization techniques 

Two numerical methods 

Ritz method (RM):-

L(s) 

Q20 

Q22 s1 

s2 

x 
x2 x1 

y2	

y1	

y	

y(L) =
X

k

ak sin

✓
⇡k

x� x1

x2 � x1

◆
+ b.c.

b.c. decided by s1(x1, y1) and s2(x2, y2)

S(L) ! S(a1, a2, . . . an)
path is decided by varying ai s

a1,a2 and a3 are sufficient

A. Baran et al. Nucl. Phys. A 361, 83 (1981) 
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Dynamic programing method (DPM) :-

Q22 

Q22 

s1	 s2	

V = E0 V = E0

Trajectory becomes smooth enough 
as the grid size is reduced 
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How Inertia impacts the results 

E0 = 1.0 MeV 
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Static path 
(minimum potential path) 

Dynamic path with cont. M

              
M = MCp

2020 at ground state

Dynamic path with MCp

          (DPM & RM) 

Dynamic path with MC

         (DPM & RM) 

(DPM) 

Dynamical effects due to action minimization is not very prominent  
With MCp :- Strong dynamical effects, triaxiality becomes unimportant  
With MC :- dynamics is favoring triaxial saddle, similar to static path    
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J S et. al. , Phys Rev C 88, 064314 (2013) 
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Importance of pairing degree of freedom  

4

owing to the reduced action S, the calculated SF half-life
of 264Fm in the 3D variant is decreased by as much as
three decades.

Figure 4 summarizes our results for 264Fm. Namely, it
shows V , MC

e↵, S, and �⌧ along the fission paths cal-
culated with dynamical (3D) and static (2D) pairing.
Compared to the 2D path, the 3D path is shorter and
it favors lower collective inertia at a cost of higher po-
tential energy, both being the result of enhanced pairing
correlations. It is interesting to notice that the collec-
tive potentials V in 2D and 3D are fairly di↵erent, and
they both deviate from the static result that is usually
interpreted in terms of a fission barrier, or a saddle point.

FIG. 4. (Color online) Potential V (in MeV) (a), e↵ective
inertia MC

e↵ (in ~2 MeV�1/1000) (b), action S (c), and av-
erage pairing gaps �n and �p (in MeV) (d) plotted along
the 2D (static pairing, dotted line) and 3D (dynamic pairing,
solid line) paths. The static fission barrier is displayed for
comparison in panel (a).

While the least-action pathways in 264Fm are not that
far from the static SF path, this is not the case for 240Pu,
where the energy gain on the first barrier resulting from
triaxiality is around 2MeV, that is, significantly less than
in 264Fm. To illustrate the impact of pairing fluctuations
on the SF of 240Pu, we consider the least-action collec-
tive path between its ground state and superdeformed fis-
sion isomer. In this region of collective space, reflection-
asymmetric degrees of freedom are less important; hence,
the 3D space of (x1, x2, x3) is adequate.

As seen in Fig. 5, in the region of the first saddle in

FIG. 5. (Color online) Similar as in Fig. 3 but for 240Pu.
The static SF path is marked by the dotted line.

the static calculations, the impact of dynamics on the
least-action pathway for 240Pu is dramatic. Compared
to static-pairing calculation, in the 2D calculations the
e↵ect of triaxiality is significantly reduced, and in 3D
calculations the axial symmetry of the system is fully
restored.

Conclusions — In this study, we extended the self-
consistent least-action approach to the SF by considering
collective coordinates associated with pairing. Our ap-
proach takes into account essential ingredients impacting
the SF dynamics [22]: (i) spontaneous breaking of mean
field symmetries; (ii) diabatic configuration changes due
to level crossings; (iii) reduction of nuclear inertia by
pairing; and (iv) dynamical fluctuations governed by the
least-action principle.

We demonstrated that the SF pathways and lifetimes
are significantly influenced by the nonperturbative collec-
tive inertia and dynamical fluctuations in shape and pair-
ing degrees of freedom. While the reduction of the collec-
tive action by pairing fluctuations has been pointed out
in earlier works [10, 13, 15–17] and also very recently in a
self-consistent approach [38], our work shows that pairing
dynamics can profoundly impact penetration probability,
that is, e↵ective fission barriers, by restoring symmetries
spontaneously broken in a static approach.

Our calculations for 264Fm and 240Pu show that the
dynamical coupling between shape and pairing degrees
of freedom can lead to a dramatic departure from the
standard static picture based on saddle points obtained
in static mean-field calculations. In particular, for 240Pu,
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ing degrees of freedom. While the reduction of the collec-
tive action by pairing fluctuations has been pointed out
in earlier works [10, 13, 15–17] and also very recently in a
self-consistent approach [38], our work shows that pairing
dynamics can profoundly impact penetration probability,
that is, e↵ective fission barriers, by restoring symmetries
spontaneously broken in a static approach.

Our calculations for 264Fm and 240Pu show that the
dynamical coupling between shape and pairing degrees
of freedom can lead to a dramatic departure from the
standard static picture based on saddle points obtained
in static mean-field calculations. In particular, for 240Pu,

T1/2(3D)/T1/2(2D) ~ 10-4	 J Sadhukhan et. al. Phys. Rev. C 90, 061304(R) (2014) 

RAPID COMMUNICATIONS

PAIRING-INDUCED SPEEDUP OF NUCLEAR . . . PHYSICAL REVIEW C 90, 061304(R) (2014)

|MC |1/3. It can be seen that at large values of x3, the peaks
in |MC |1/3 due to level crossings disappear, and moreover,
the magnitude of inertia generally decreases with x3. This is
consistent with general expectations for the effect of pairing
on the collective inertia. On the other hand, variations in x4
have little effect on |MC |1/3 and V . This result is confirmed
by computing the minimum-action path in the (x1,x3,x4)
space: the fissioning system prefers to maintain large proton
and neutron pairing gaps and, at the same time, x4 ≈ 0.
Consequently, in the SF, this degree of freedom seems to play
a less important role.

In previous work, we have shown that the minimum-action
path breaks the axial symmetry to avoid level crossings and
minimize the level density of single-particle states around the
Fermi level. In contrast, pairing correlations grow with the
single-particle level density. Consequently, pairing is expected
to impact V andMeff in a different way. Namely, as pairing (or
x3) increases, the potential energy is expected to grow—as one
departs from the self-consistent value—while the collective
inertia is reduced. The interplay between these two opposing
tendencies determines the minimum-action trajectory. To
evaluate how the fission path is modified due to pairing,
in the next step we minimize the collective action in the
(x1,x2,x3) space. Here we assume x4 = 0 and adopt the value
of E0 = 1 MeV to be consistent with Ref. [19]. Figure 2
displays the resulting contour maps of V and |MC |1/3. The
upper panels correspond to the situation discussed in Ref. [19],
in which dynamical pairing is disregarded (x3 = 0). As shown
in Fig. 2(a), the triaxial coordinate x2 reduces the fission
barrier height by slightly more than 4 MeV. The fluctuations in
|MC |1/3 shown in Fig. 2(c) reflect crossings of single-particle
levels at the Fermi level. The results shown in the lower
panels correspond to the axial shape (x2 = 0); they are again
consistent with the general dependence of the potential energy
and collective inertia on the pairing correlations.

FIG. 2. (Color online) Similar to Fig. 1 except for the x1-x2

plane for x3 = x4 = 0 (top) and the x1-x3 plane for x2 = x4 = 0
(bottom).

FIG. 3. (Color online) Projections of the three-dimensional (3D;
solid line) dynamic SF path for 264Fm (a) on the x1-x2 plane for x3 =
x4 = 0 and(b) on the x1-x3 plane for x2 = x4 = 0, calculated using
the dynamical programming method technique. The dash-dotted line
shows, for comparison, the two-dimensional (2D) path computed
without pairing fluctuations. The static SF path corresponding to
the minimized collective potential [19] is also plotted (dotted line).
Symbols on the paths denote the path lengths in units of 10. Potentials
V of Fig. 2 are drawn as a background reference.

In Figs. 3(a) and 3(b), we show projections of the minimum-
action path onto the x1-x2 and x1-x3 planes, respectively.
The 2D fission path calculated without pairing fluctuations
(x3 = x4 = 0) and the static SF path corresponding to the
valley of the minimized collective potential are also shown for
comparison. Evidently, the triaxiality along the 3D fission path
is reduced at the expense of enhanced pairing. Nevertheless,
owing to the reduced action of S, the calculated SF half-life
of 264Fm in the 3D variant is decreased by as much as three
decades.

Figure 4 summarizes our results for 264Fm. Namely, it
shows V , MC

eff , S, and !τ along the fission paths calculated
with dynamical (3D) and static (2D) pairing. Compared to the
2D path, the 3D path is shorter and it favors a lower collective
inertia at the cost of a higher potential energy, both being
the result of enhanced pairing correlations. It is interesting to
note that the collective potentials V in two dimensions and
three dimensions are fairly different, and they both deviate
from the static result, which is usually interpreted in terms of
a fission barrier or a saddle point.

While the minimum-action pathways in 264Fm are not that
far from the static SF path, this is not the case for 240Pu, where
the energy gain on the first barrier resulting from triaxiality
is around 2 MeV, that is, significantly less than in 264Fm. To
illustrate the impact of pairing fluctuations on the SF of 240Pu,
we consider the minimum-action collective path between its
ground state and the superdeformed fission isomer. In this
region of collective space, reflection-asymmetric degrees of
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Spontaneous fission  
yields distribution 
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Fission fragment mass distribution: Our strategy 

100 200 300

-5

0

5

10

out

P
ot

en
tia

l e
ne

rg
y 

(M
eV

)

in

scission

Quadrupole moment (b)

E0

collective action
minimization

LangevinWKB

stochastic
dynamics

Zero point energy 

24-Dec-16	 First	Tsukuba	CCS	-	RIKEN	Workshop,	2016	 13	



Spontaneous fission path of 240Pu 
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J S, W Nazarewicz, N Schunck. Phys. Rev. C 93, 011304(R) (2016)  
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Spontaneous fission mass & charge distributions of 240Pu 
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Nucleon localization function: predicting fragment properties  

Cq�(~r) =

2

41 +
 
⌧q�⇢q� � 1

4 |~r⇢q�|2 �~j2q�
⇢q�⌧TF

q�

!2
3

5
�1

.

⇢q�(~r) =
X

↵2q

v2↵| ↵(~r�)|2 ⌧q�(~r) =
X

↵2q

v2↵|~r ↵(~r�)|2 ~jq�(~r) =
X

↵2q

v2↵Im[ ⇤
↵(~r�)~r ↵(~r�)],

~r⇢q�(~r) = 2
X

↵2q

v2↵Re[ 
⇤
↵(~r�)~r ↵(~r�)]

C. L. Zhang et. al.  arXiv:1607.00422v1 [nucl-th] 1 Jul 2016 

The spatial localization measure was originally introduced in atomic and 
molecular physics to characterize chemical bonds in electronic systems.  

Rq�(~r, �) ⇡ 1

3

 
⌧q� � 1

4

|~r⇢q�|2
⇢q�

�
~j2q�
⇢q�

!
�2 +O(�3)

NLF successfully describes the cluster structures in light and heavy nuclei 
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P.-G. Reinhard et. al. Phys. Rev. C 83, 034312 (2011) 
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NLFs  
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