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I. Introduction

RPA — a standard method in quantum many-body theory

o constructing eigenmodes in vicinity of MF state
— excited states, linear response, etc.

o extensions --- QRPA, rel.-RPA, 2nd RPA, extended RPA, etc.
o small amp. limit of TDMF (& TDDFT)

RPA eq. Sx,=w,Nz, (wy, x,) : solution

A B 1 0
S := (with A= A", B=BT), N =
B* A7 0 —1

o generalized eigenvalue problem = e.g. eigenvalue problem of NS
= general properties of solutions — non-trivial
of solutions 7 — questionable

o normalization: £/ Nz, =1 = “normalizability” : =/ Nz, > 0
- not necessarily guaranteed, a key to solvability



Mathematical properties of RPA solutions

solutions at and in vicinity of stability
— studied by D.J. Thouless in ’60s

Thouless, N.P.A 21, 225; 22, 78
Thouless & Valatin, N.P.A 31, 221

David J. Thouless

Nobel prize in physics, 2016
(from APS Journal website)

complete picture?  (+» coding)

cf. SSB in MF solution (e.g. translation, rotation)
— sitting near the borderline of stability
— sometimes diving into instability due to numerical errors
or to additional approximations



II. Dualities

Properties of stability matrix S (z.e. RPA Hamiltonian)

01
S=S" ¥, ¥, =S; XY,= (1 O) = 2 types of “dualities”

% Dualities for RPA solutions
e UL-duality
Sx,=wNzx, — SE,xz})=-w NX,x))
t.e. solution (w,,x,) — (—w’ X, x})
e LR-duality
(NSz, =w,x, (right eigenvalue problem of NS)

SN (Nzx,) = w, (Nx,)
—  (xI/N)NS = (z/N)w?  (left eigenvalue problem of NS)

_/\

\

i.e. right eigensolution (w,,x,) — left eigensolution (w, z/N)



% Complete classification of RPA solutions

(i) w, > 0 with a normalizable eigenvector x,,
in association with another eigensolution (—w,, ¥ ,x}).

(ii) w, > 0 with an unnormalizable eigenvector, in association with
an eigenvalue —w, that could be normalizable.

(iii) a pair of pure imaginary eigenvalues +w,
with Re(w,) =0, Im(w,) # 0.

(iv) a quartet of complex eigenvalues +w,, tw
with Re(w,) # 0, Im(w,) # 0.

(v) a null eigenvalue.

(i) --- physical solution
(v) --- NG-mode solution

(ii-iv) --- unphysical



RPA solutions & dualities

[w

X X
UL-duality

LR-duality

NG L\Ode

X = X

self UL-dual




% Dualities in full RPA space

“RPA solutions” — not always cover the whole vector space
' NS may form Jordan blocks! cf. NG mode

(— completeness)

fgy) =x,, 5512-:)1 = w, N 5157:)1 + Z'CECV) \ fli”) (k=1,---,d, — 1)

/wy icgy) O --- 0 \

0 w, i) . 0
— Jordan block

0 0 0 i) |

e UL- duality

S Zx€k+1 —w, N Z$€k+1 aa /(c N Zx&/(gy)*

Jordan basis (w,,£”;icl”) = (—w?, D& il



e LR-duality
Jordan block — (N é,iy))T: left Jordan basis of NS for w,
< N él(f) : right Jordan basis of SN for w
é,iy) : right Jordan basis of NS for w

choose so that }EIE,V)T N €,Sfl>

V)t g &V
(1) €l(€_)1 N 5]5;_)1
k=1 (v (v
&g

— 61/1/’ 5/€k’

— S f,iy_)l = w’ N é,(f_)l —ic N E,(CV)

_ )1\ £¥)
Jordan basis (w,, 5,(:); iC,S/)) — (W; f;(:); —ic(ky)* ‘S(IZ)T Nf(ku) )
$rr1 NELL
With k:dy7dy_]-7'°' 7]-

cf. solution — (W )

V)

= 2 types of dualities disclosed in entire RPA space!

(— in deep relevance to most mathematical properties of RPA)



III. Decomposition of RPA space

v — index of Jordan block

dy
RPA space V = @Wy; W, = {Zakég);ak € C}
v k=1
dv ) gW)T
subspace 1V, < projector A, = Z g_’g’y)fk )
k=1 £kf N £kf

/\u Wl/’ — 5VI// Wy
—

— respecting dualities
Wy =W, & LW, @ W, &L W (cf. self dualities)
& Ay oA, + LAL, + NAIN + Z,NATNE,

v A v Al B
Ay =X N 2o = NA NG Apy Ay = 00 M)

o dp, = dim,, = even  (including self dual cases)
f _ _
© NS Ay =0ppn S = S =20 S

g
(Sp =N, SAy -+ inherits dualities)



IV. Self dualities, Nambu-Goldstone mode

% Self dualities
=(v.k)
e Self UL-duality: £ =—y,&"" = < )

=0,k
Re(w,) = 0 — necessary & sufficient
e Self LR-duality : 51(:) = éliy)
Im(w,) =0 & d, =1 — necessary (. éy) must be an eigenvector)

‘normalizable’ C ‘self LR-dual’
(z! Nz, > 0) (! Nz, # 0)
— self LR-dual Jordan block: £éy) = éﬁl_k .-+ d, > 1 allowed
e Double self duality .- intersection of both self dualities
w, = 0 < Nambu-Goldstone mode

o doubly self dual vector ? — impossible (< d|,| = even # 1)

O _—



% NG mode & canonical variables from the duality viewpoint

textbook formulae in the present notation
(e.g. Ring-Schuck)
A B P .
=0 — Sz,=0 withx, =-2,x]
B* A* — P

A B Q) [P IR S 52 = z01 ‘Nz,
B* A* —Q* - M\ pr with £2 — z:,;gg”)*
h v .
(P P) (_@i - N =i )

— applicable only for d, = 2 doubly self dual Jordan block!

- not always satisfied
(e.g. a pair of d, =1 solutions, a d, = 4 Jordan block)



V. Properties specific to positive-semidefinite stability matrix

MFA in self bound system — SSB unavoidable (c.m. motion)

— best-case scenario: positive-semidefinite S (i.e. w, > 0 for ")

% If S is positive-semidefinite

,
physical solutions

= 4§ d, <2 NG modes,
& d, = 2 Jordan blocks must be doubly self dual

‘Yoz, eKer(S) < Sz, =0 <« x,is a NG-mode solution
o if x, is a solution of RPA eq. & «x, ¢ Ker(S)

— x/Sx,=w,(x/Nz,) >0 — physical solution
(! Nz, > 0 for w, > 0)

o if ¢, is a N(G-mode solution associating with a Jordan block
— 7y, (¢ Kex(S)), Hcgy) (#£0) Sy, = ¢c§”> Nx,
— yiSy,=id” (yiNz,) >0 — yiNax, £0
— d, = 2 & doubly self dual q.e.d.

— “canonical variables” can be constituted (first complete proof?)



% Energy-weighted sum of excitation strengths

1 A A
exact theory: Y (E, — Ey)[(V, TW)|* = xpoy[ JH, T Wo)

v

T(=T =3t CL;LCLg: transition op.
RPA with positive definite S:
1 A
5= ) wy| (0|7 ) * = %H [ H, T Po)

(|®o) : MF state, (d,|T]d,): transition amp. in RPA)

e Revisiting proof for positive-definite case
SX=NXNQ, X NX=N;

diag(w, 0
X::(wl Ty -+ Tp LT LTy - Zﬂ:*b),ﬂ:( Blwr) )

0 diag(w,)
— NSN=XQX' (.- XNX'=N)

. 1 1 L
- zy:%u@ym@ow :§tTXQth=§tTNSNt=§<<I>0HT,[H7T]H<I>0>

T
t:= (tmi t:n)



e A pair of d, =1 solutions — trivial (no contribution to EWS)
e A d, =2 doubly self dual Jordan block
Spi=0, Sqi=—i(tNp, giNp; =i (x1— pi1, 55” — q1, Cgl) — —(1)
= Ap=A=i(q p, —piq)N
SX =NX'NQ', XTNX"=N:
X' = (pl Ty o XTp QL Laxy waE) :

*

X// — (qu o -+ Ip Zpl Zxa‘;; waD) ;

(0 )

Q/ — dl&g(WV> (V — 27 37 . ,D)
G1
\ tiog(e)

— NSN=X"QX"T (- X'NXT=XNX"T=N)




1
=) w (0, [T | = iﬂ (1—A)X" QX (1—ADE
v>2

1
:§tTN(1—ADS(1—A1)Nt

1 1
o= 5.f*/\p(”Q’X”U\J{t = 5tTN/\’{S/\ll\lt

1 A A A
£+ 51 = S(@ol[T, [H, ]|}

expansion of Nt by a complete set {p1,qi,x,, >, x}

Nt =a,p1+a,q + Z (a’/mV N &;waw

v>2
1 1 2 1 Aa 2
= ¥ =gGai= Gt =G [(@llA,T]|90)
case of plural NG modes (# = K) — Z ZCU (Dy| PV,TH(D(M

cf. I. Stetcu and C.W. Johnson, P.R.C 67, 044315
equivalent formula, but not in terms of exp. value
(— not so easy to apply)



e Application to TRK sum rule

translational SSB — P, =P, (!=
s _ AN : .
oT e (R, —R,) --- with c.m. correction
~ [P,TEY =0 — =0
1 ZN
2(‘*‘) D r(E1) K T (E1) o
= 5 = (@[T | Neo) = -

(discarding non-locality in charge-exchange int.)

o TED — ZR, --- without c.m. correction

— P,TEV) =iz — 2= 22/04M
ZN

1 0
= By = (@[T (K, T eg) - 5y =



e Application to rotational excitation in axially deformed nuclei

rotational SSB (under axial sym.) — P, =J, J,y (=
TN (X: rank, X : additional label e.g. E/M)
= [Ty TV 00 /ANH ) 80 T
0 _ AA+1) (X))
= 0 = S (| T,5) | 20) |

|

2@ — intra-band EWS

27
— generalization of Hamamoto, N.P.A 177, 484

& Kurasawa, P.T.P. 64, 2055

/ / 1 o 1 .
=S PP I 1) (70 0] 10
J/

rotational energy transition strength

o simple algebra, transparent result
o not constrained to £2 cf. Hamamoto, Kurasawa

o not constrained to J = 0 initial state

w1 + oY — full EWS
§+> — inter-band EWS (i : )



VI. Summary

Two types of “dualities” in the RPA space have been disclosed
= complete analysis of RPA space H.N., PTEP 2016, 063D02

e Complete classification of RPA solutions
e Decomposition of RPA space via duality-preserving projectors

e Self dualities — what they indicate, etc.

Properties specific to positive-semidefinite stability matrix:
e (physical + NG-mode) solutions only, d, < 2

d, = 2 Jordan block — doubly self dual H.N., PTEP 2016, 099101
— guaranteeing presence of canonical variable (first complete proof ?)

e influence of NG modes on EWS of excitation strengths
— general formula in terms of exp. value of commutator at MF state

applications o TRK sum rule
o rotational excitations (cf. Hamamoto, Kurasawa)

H.N., arXiv: 1611.06623





