
Resonances in Lattice QCD

Naruhito Ishizuka with PACS-CS , 
University of Tsukuba

1

External Review on CCS,  2014/02/19

Results of ρ meson decay by PACS-CS

14年2月19日水曜日



1. Introduction
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FIG. 11: π, ρ and nucleon masses as a function of the number of noise.
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FIG. 12: Hadron masses normalized by mΩ in comparison with experimental values. Target result for ρ meson locates below
the figure.

Hadron masses at physical quark mass
PACS-CS  PRD81(2009)074503

Now, we can calculate hadron masses
at physical quark mass by lattice QCD. 

But, it is only for stable particles ......

:  for unstable particle ( ρ , K* , Δ )
energies of ground states
on finite volume are plotted.

Calculations of resonance mass
and decay width of unstable particles still remain.

These are not resonance masses.
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for t >> t0

energy of ground state : by exp-fit

Calculation of mass of stable particle 

Comment on time correlation function 

: Heisenberg op. on lattice

:  energy eigenstate

3

EH :  energy eigevalue

E0

⇠ ��h0|O|H0i
��2 · e�E0·(t�t0)
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for ρ meson ( resonance state )

:  multi exp. form with  E� � R

( : same form as for stable particle )

2mπ

mρ

finite volume

discrete

infinite volume

continuous
+ discrete(2nd sheet)

ππ ρ

time correlator

 :  This is only true  
       in infinite volume limit !

naive expectation :

⇥ e�Mt · e�i�t

for unstable particle

E = M + i� ( M,� 2 R )

Decay width can not be directly obtained
from correlation function on the lattice. 

�0| ⇥†(t) ⇥(0) |0⇥ =
X

�

|�0|⇥|�⇥|2 · e�E↵t

(  ρ  -> ππ  by strong interaction )
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Approach from momentum space 

Lattice calc : 

ex) ρ meson decay 

h0|⇡(p1)⇡(p2)⇡(p3)⇡(p4) |0i ⇠ sin �(k)ei�(k)

---   ??? 

Wrong !!

pj : Euclid mom. on the lattice

�(k) : un-physical  

5

Lattice QCD is formulated on the Euclidian space-time. 

�(k) ! �

14年2月19日水曜日



Is study of resonance from lattice QCD possible ?

YES ! We can calculate scattering phase shift
by finite size method,  
and obtain information of resonance from it.

existence of  ρ

m� = 775.7+4.3
�3.3 MeV

�� = 135.5+8.0
�9.0 MeV

This is also possible
in the lattice QCD  !!

ex)  ρ meson 

Fit pion scattering data

Truong ‘89, Truong,Dobado,Herrero,’90, Dobado, JRP,‘93,‘96

The Inverse Amplitude Method:  Results for one channel

J=1, I=1 two-pion 
SC. phase shift

6
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E =
�

m2
� + k2 k2 = (2�/L)2 · n , n ⇥ Z

Energy of π :

Energy of ππ :

In                       periodic box ( : lattice )L� L� L

Lüscher  CMP105(86)153, NPB354(91)531.

7

( : discrete )

Finite size method

k2 = (2�/L)2 · n , n ⇤⇥ ZE = 2
�

m2
� + k2

( pn = n · (2�)/L )

:  SC. phase shift in infinite volume

:  Lüscher’s formula

1
tan �0(k)

=
4⇥

k
· 1
L3

�

n�Z3

1
p2

n � k2

Ex)  for ππ  system

Energy of two-pion
on the lattice

SC. phase shift
in infinite volume=� =� Resonance params.
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Physical meaning of Lüscher’s formula

No interacting two-pion 
on the lattice 

δ(k) : phase shift

Interacting two-pion 
on the lattice

kL = 2� · n ( n � Z )

kL + �(k) = 2⇥ · n ( n � Z )

8

for 1 dim case 

λ = (2π)/k

L/2�L/2

Interaction region

λ = (2π)/k

L/2�L/2

phase diff. = SC. phase shift :  �(k)
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Other possible methods  : 

2. From spectrum density

1.  From time correlation function

: strongly depends on an effective theory.

Extraction the resonance parameter 
    from a time correlation function  by using an effective theory.

3. From “potential” extracted from BS-function

Recently :  model indep. method at L = huge
U.-G. Meissner et.al, NPB846(2011)1

V. Bernard et.al.,  JHEP 08(2008) 024

Calculations of energies on many lattice volumes 
for very higher states are necessary. :  impossible in QCD !! 

HAL collaboration 2012

9

Solving Shrodinger eq. 
       -->   existence of resonance 

Study of a resonance with these methods 
has not been succeeded yet.

14年2月19日水曜日



10

2)  M. Göckeler, R. Horsley, Y. Nakamura et.al. ( QCDSF )

1)  CP-PACS PRD76(07)094506.

3)  X. Feng, K. Jansen, D.B. Renner ( ETMC ) arXiv:0910.4871 (Lat09)

arXiv:0810.5337 (Lat08)

2. Previous works of ρ meson decay

exp. : g⇢⇡⇡ = 5.878(22)

m⇢ = 775.5(0.4) MeV

: u, d 
: u, d, s 
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4) ETMC Lat10 ( arXiv:1011.4288 ).
PRD83(2011)094505.

11

)
a = 0.079 fm

L = 2.5 fm , m⇡ = 290, 330 MeV

( Iso-spin sym. is broken :  ⇢+ 6= ⇢0
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FIG. 4: The effective coupling gρππ as a function of the square of the pion mass.

ranging from 480 MeV to 290 MeV and at a lattice spacing of a = 0.079 fm. At all the pion

masses, the physical kinematics for the ρ-meson decay, mπ/mρ < 0.5, is satisfied. Compared

to previous calculations, we have pushed the techniques much farther forward by employ-

ing three Lorentz frames simultaneously. This allowed us, in particular, to map out the

energy region of the resonance without having to employ larger and more computationally

demanding lattice calculations.

Making use of Lüscher’s finite-size methods, we evaluated the scattering phase from six

energy eigenvalues per ensemble. In this way, we could fit the scattering phase with an

effective range formula allowing us to extract the ρ-resonance mass mρ, the decay width

Γρ and the effective coupling gρππ. Taking the inherent relation between mρ and Γρ into

account, we have performed a fit to our results, obtained at four values of the pion mass,

as a function of the complex parameter Z = (mρ − iΓρ/2)2. This provided a means of

extrapolation to the physical point. Even though our fit formulae are guided by EFT, our

results are not precise enough to perform a thorough test of the fit ansätze.

Keeping in mind the caveats just discussed, we quote for the ρ-meson mass mρ,phys =

0.850(35) GeV and for the decay width Γρ,phys = 0.166(49) GeV. When these values are

20

Results

one example of five:
m�+ = 330 MeV, a = 0.079 fm, L/a = 32
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aECM
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sin
2 (
δ)

CMF
MF1
MF2
sin2(δ)=1=>aMR

m⇥ = 1033(31) MeV, g⇥�� = 6.31(87), �⇥ = 123(43) MeV
g⇢⇡⇡

exp. : g⇢⇡⇡ = 5.878(14)

m⇢ = 775.49(34) MeV
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FIG. 3: The ρ-meson resonance mass as a function of the square of the pion mass. In the left

panel, we fit the lattice results to Eq. (19). In the right panel, we fit them to Eq. (18). Note that

these are combined fits to mρ and Γρ (shown in Fig. 5).

Eq. (19) and as Γρ,phy = 166(49) MeV using the fit to Eq. (18). Both of the results are

consistent with the PDG value Γρ,PDG = 149.1(0.8) MeV within 1σ. Note, however, that

obviously the values determined from our lattice calculation are much less accurate than the

one extracted from experimental measurements. Therefore, we consider the present work

more as an initial study of how accurately resonance parameters can be extracted from non-

perturbative lattice calculations and not as a precise determination of these parameters. The

results we have obtained here demonstrate that resonances can indeed be analyzed on finite

lattices with numerical calculations. This is very promising, given the number of hadrons

that appear in the physical QCD spectrum as resonances.

V. CONCLUSION

In this work, we have calculated the P-wave pion-pion scattering phase in the I = 1 chan-

nel near the ρ-meson resonance region. We have performed our calculations at pion masses

19
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5) C.B. Lang et.al. PRD84(2011)054503.

k3

tan �(k)
/
⇥

s =
6⇥

g2
⇢⇡⇡

· (m2
⇢ � s)

g⇢⇡⇡ = 5.13(20)
m⇢ = 792(7)(8))MeV

at m⇡ = 266MeV

Nf = 2 (Wilson) a = 0.124 fm
L = 2 fm , m⇡ = 266MeV 11
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FIG. 5. The effective energies observed in the three momen-
tum frames (0,0,0), (0,0,1) and (1,1,0), based on diagonaliza-
tion of a correlation matrix with 4 or 5 operators, listed in
Table III. The horizontal bands indicate the resulting energy
levels derived from two-exponential fits to λi(t) as discussed in
the text. The dashed lines indicate the non-interacting two-
pion levels as determined from the energies Ed.r.

lat a in Table
II.
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/
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exp. : g⇢⇡⇡ = 5.878(14)

m⇢ = 775.49(34) MeV
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 ( 2009 - 2011 )
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2. Results of ρ meson decay

a = 0.091 fm

Nf = 2 + 1 (Wilson)

L = 2.9 fm

,

m⇡ = 300 , 410 MeV

PRD84(2011)094505.

Gauge conf. : 

generated by PACS-CS col.    
PRD79(2009)034503.

Iwasaki Gauge action

,

Computer : PACS-CS
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Calc. points

14

(0, 0, 1)A2

p
s/m⇢ ( ignoring particle int. )  

(0, 0, 0)T1

(0, 0, 0)T1

(1, 1, 0)B1

(1, 1, 0)B1

(0, 0, 1)A2

(0, 0, 1)E

(0, 0, 1)E

ground 1st. Ex.
�(1, 1, 0)�(0, 0, 0) �1+2(1, 1, 0)

�(0, 0, 1)�(0, 0, 0) �3(0, 0, 1)

�1,2(0, 0, 1) �(1, 0, 1)�(�1, 0, 0)

�1,2,3(0, 0, 0) �(0, 0, 1)�(0, 0,�1)

�(1, 1, 0)�(0, 0, 0)�1+2(1, 1, 0)

�(0, 0, 1)�(0, 0, 0)�3(0, 0, 1)

�1,2(0, 0, 1) �(1, 0, 1)�(�1, 0, 0)

�1,2,3(0, 0, 0) �(0, 0, 1)�(0, 0,�1)

ground 1st. Ex.

0.7 0.8 0.9 1.0 1.1 1.2 1.3 1.4 1.5

m⇡ = 300MeV

m⇡ = 410MeV

We consider 4 irreps. :  
on 3 momentuma frames with  
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Finite size formula 

15

M. Lüscher, NPB354(1991)531.
K.Rummainnen and S.Gottlib, NPB450(1995)397.
ETMC, arXiv:1011.5288.

1
tan �(k)

=

V00

V00 � V20

V00 + 2 · V20

V00 � V20 +
p

6 · V22

( for
for
for

for

Vlm(k;P
tot

) =
1

�ql+1

1
⇡3/2

p
2l + 1

e�im⇡/4 · Zlm(1; q;d)

q = kL/(2�) d = P
tot

L/(2⇡)

q
E2 � P 2

tot

=
p

s = 2
p

m2

⇡ + k2

Zlm(s; q;d) =
X

r2D(d)

Ylm(r) · (|r|2 � q2)�s

D(d) = { r | r = �̂�1(n + d/2) , n 2 Z3 }

( : Real ) 

Relation between and      �(k) E

(0, 0, 1)E

(0, 0, 0)T1

(0, 0, 1)A2

(1, 1, 0)B1
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Energies are extracted by variational method. 

(0, 0, 1)A2

p
s/m⇢

(0, 0, 0)T1

(0, 0, 0)T1

(1, 1, 0)B1

(1, 1, 0)B1

(0, 0, 1)A2

(0, 0, 1)E

(0, 0, 1)E

0.7 0.8 0.9 1.0 1.1 1.2 1.3 1.4 1.5

m⇡ = 300MeV

m⇡ = 410MeV

For (0, 0, 1)A2 (1, 1, 0)B1and 

Assuming 2 states dominant 

( : 2� 2 matrix )

energies of ground state are extracted 
from correlation function of ρ meson
as usual calculations of hadron masses.  

For (0, 0, 0)T1 and (0, 0, 1)E

O1(t) = �(p, t)

O2(t) = ��(p, t)�+(0, t)� �+(p, t)��(0, t)

for p = (0, 0, 1) , (1, 1, 0)

Ev[ G(t) G�1(t0) ]� = e�W�·(t�t0) ( � = 1, 2 )

W� : energy eigenvalue

for t � ts
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Calc. of G(t)

+� ��+

�

�

36

These are calculated 
          by the stochastic source and the source method.
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Results at 
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mπ = 410 MeV

T−
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1st Ex.

ground
1st Ex.
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0.6

t
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1010
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10-4

10-2

100

102

104

106

108

1010

1012

A−
2

B−
1

t

mπ = 410MeV

Im[ Gππ→ρ ]
− Im[ Gρ→ππ ]

Re[ Gρ→ρ ]

Re[ Gππ→ππ ]

tS = 12

m⇡ = 410MeV

⇡(001)⇡(000)

⇡(110)⇡(000)

(0, 0, 1)

(1, 1, 0)
(1, 1, 0)

(0, 0, 1)

(0, 0, 1)
(0, 0, 0)

logG(t)/G(t+ 1) ⇠ Eeffective mass

14年2月19日水曜日



19

0.2

0.3

0.4

0.5

0.6

0.3

0.4

0.5

0.6

0.7

12 16 20 24 28 32 36 40
t

mπ = 300 MeV

B−
1

T−
1

E−

ground
1st Ex.

A−
2

ground
1st Ex.

0.2

0.3

0.4

0.5

0.6

10-4

10-2

100

102

104

106

108

1010

1012

8 12 16 20 24 28 32 36 40 44
t
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mπ = 300MeV

A−
2

B−
1

Im[ Gππ→ρ ]
− Im[ Gρ→ππ ]

Re[ Gρ→ρ ]

Re[ Gππ→ππ ]

tS = 12

Results at m⇡ = 300MeV

⇡(001)⇡(000)

⇡(110)⇡(000)

(0, 0, 0)
(0, 0, 1)

(0, 0, 1)

(0, 0, 1)

(1, 1, 0)(1, 1, 0)

logG(t)/G(t+ 1) ⇠ Eeffective mass
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a = 0.091 fmNf = 2 + 1 (Wilson)

L = 2.9 fm , m⇡ = 300 , 410 MeV

m⇡ = 300MeVm⇡ = 410MeV

-0.25
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k2/AMP/SS(A2)(GeV2)
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SS2(A2)(GeV2)
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N_A2
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K2/AMP/SS(T1)'GeV2)

k2/AMP/SS(EE)(GeV2)

SS2(A2)(GeV2)

s ( GeV2 ) s ( GeV2 )

( GeV2 ) ( GeV2 )

g⇢⇡⇡ = 5.98± 0.56

m⇢ = 863± 23± 12 MeVm⇢ = 892.8± 5.5± 13 MeV
g⇢⇡⇡ = 5.51± 0.40

exp. : g⇢⇡⇡ = 5.878(14)

m⇢ = 775.49(34) MeV

k3

tan �(k)
/
⇥

s =
6⇥

g2
⇢⇡⇡

· (m2
⇢ � s)

Results of SC. phase shift
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3. Comparison with other groups
9) Pelissier et.al.

Nf = 2 (Wilson)

a = 0.1255 fm

m⇡ = 300MeV

V = 242 ⇥ ⌘24⇥ 48 ( ⌘ = 1.0, 1.25, 2.0 )

the ground and first excited states are extracted from the
same ensemble and construct the covariance matrix with
two-by-two blocks, one per ensemble.

Note that the standard !2 method needs to be modified
for our fit: the statistical errors affect both x and y coor-
dinates in our plot since the phase shifts are related to the
energy. Referring to the left panel of Fig. 3, as the energy is
varied the phase shifts move along the dashed lines indi-
cated in the figure. The solid lines indicate the error bars
obtained by varying the energy in the W ! "W interval.
The !2 function is defined to be

!2 ¼ 1

2
!TC#1!; (29)

where ! is the difference vector

!i ¼ Wi #W0
i ; (30)

Wi indicates the computed value, and W0
i the value at the

intersection of the dashed line and the fit curve.
The decay width is determined using the fit results and

the relation

" ¼ g2#$$
6$

ðm2
#=4#m2

$Þ3=2
m2

#
: (31)

We find

g#$$ ¼ 6:67ð42Þ; m# ¼ 827ð3Þð5Þ MeV;

" ¼ 76:6ð20Þð5Þ MeV; "ph ¼ 184ð23Þ MeV;

(32)

where "ph is computed using the computed value of g#$$
and the physical values of m# and m$. The first quoted
uncertainty indicates the statistical uncertainty, and the
second indicates the uncertainty associated with the deter-
mination of the lattice spacing.
In Fig. 3 we show the scattering phase shifts and the fit

curve we obtained using the effective range formula. With
the exception of the leftmost and rightmost points, the data
are not more than one standard deviation away from the
curve. However, the confidence level of the fit is Q & 8%,
and it is not clear whether the effective range formula is
reliable for m$ ¼ 304ð2Þ MeV. Assuming the effective
range formula is reliable, the value we computed for the
coupling constant is in reasonably good agreement with the

0.40 0.45 0.50 0.55 0.60 0.65 0.70
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0.5
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2.5

3.0

aW

unitarized PT

effective range
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0.8

1.0

aW

Si
n2

FIG. 3 (color online). Left panel: Scattering phase shifts computed in this study, effective range formula fit, and the results from
unitarized !PT [14]. The dashed lines describe the energy dependence of the phase shift according to Eq. (8). Right panel: Cross
section as a function of the center-of-mass energy. The dashed line indicates the # mass, the narrow dark band its error, and the
shadowed box indicates the resonance region m# ! ".
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FIG. 4 (color online). Left panel: m# versus m$ from recent lattice studies. We use lattice units to remove the uncertainty associated
with setting the scale. The band represents the prediction from unitarized !PT [14] (note that this is not a fit to our data). Right panel:
Coupling as a function of m$ from recent lattice studies. The dot-dashed line is the Particle Data Group result [15].
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g⇢⇡⇡ = 6.67(42)

m⇢ = 827(3)(5)MeV

at m⇡ = 300MeV

10) HSC Collaboration
PRD87(2013)034505.

Nf = 2 + 1 (Wilson)

a = 0.12 fm

Future work to explore the hadron resonance spectrum will
need to consider inelastic scattering—we can reliably
extract the finite-volume spectrum above inelastic thresh-
olds by including the appropriate meson-meson-like op-
erators (e.g., K !K . . . ), following the general methodology
developed in Ref. [17].
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APPENDIX: FINITE-VOLUME PHASE-SHIFT
RELATIONS FOR !‘>1 ¼ 0

A general procedure for generating the little group irrep

matrix elements Mð ~P;";!Þ
‘n;‘0n0 , which are used to construct the

matrix U ~P;" in Eq. (7), is provided in Ref. [17], along with
the required subductions for all ‘ # 4. In the case of equal-
mass pseudoscalar-pseudoscalar scattering (as is relevant
in this "" case), and assuming #‘>1 ¼ 0, we can reduce
Eq. (7) to the following simple forms for various
~P ¼ ½nxnynz& and irreps:

½00n&A1: cot#1ðEcmÞ ¼
1

$"3=2q

!
Z½00n&
0;0 ðq2Þ þ 2ffiffiffi

5
p 1

q2
Z½00n&
2;0 ðq2Þ

#
;

½00n&E2: cot#1ðEcmÞ ¼
1

$"3=2q

!
Z½00n&
0;0 ðq2Þ ( 1ffiffiffi

5
p 1

q2
Z½00n&
2;0 ðq2Þ

#
;

 0

 20

 40

 60

 80

 100

 120

 140

 160

 180

 800  850  900  950  1000  1050

FIG. 12 (color online). Isospin-1, P-wave "" elastic scattering phase shift and Breit-Wigner parameterisation for
m" ¼ 391 MeV. Energy region plotted is from "" threshold to KK threshold.
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g⇢⇡⇡ = 4.83(13)(2)

m⇢ = 863.5(19)(6)MeV

at m⇡ = 391MeV
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L = 1.9, 2.4, 2.9 fm , m⇡ = 391 MeV
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Comparison
exp. : g⇢⇡⇡ = 5.878(14)

m⇢ = 775.49(34) MeV
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We find discrepancies.
Precise calc. near physical quark mass and cont. limit needs !!
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Comparison for dim. less values 
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r0 · mρ

(r0 · mπ)2

ETMC

PACS-CS

Lang et.al.
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Discrepancies still remain.
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4. Summary
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We calculate SC. phase shift for  I=1  two-pion system.
We evaluate coupling constant 
and resonance energy from it.

L = 2.9 fm , m⇡ = 410 MeV

a = 0.091 fm●

Nf = 2 + 1 (Wilson)

a = 0.091 fm

L = 2.9 fm , m⇡ = 300 MeV

●

Nf = 2 + 1 (Wilson)

Our results : 

exp. : 
g⇢⇡⇡ = 5.878(22)

m⇢ = 775.5(0.4) MeV

� =
g2

⇢⇡⇡

6�

k3
⇢

m2
⇢

= 146.4(1.1) MeV

We find :

g⇢⇡⇡ = 5.65± 0.44
m⇢ = 892.7± 5.2 MeV
�⇢ = 135± 21 MeV

( assuming : g⇢⇡⇡ : const. ) 

g⇢⇡⇡ = 5.95± 0.57
m⇢ = 860± 18 MeV
�⇢ = 150± 28 MeV

( assuming : g⇢⇡⇡ : const. ) 

Discrepancies among lattice calculations
for both resonance mass and effective constant.

Precise calc. near physical quark mass and cont. limit needs !!
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In Feature works : 
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1.  We have to improve the operator 
     of π  with high momentum.

To set 

2.  How extract energies of 
     high exicited state ? 

●  We have to study at phys. point.

resonance

p
s/m⇢

●  We have to study other resonances. 
K*, Δ   ....
a0 , κ ,σ   ....

many works remain  !!

charm resonance ( X ,  Y ,  Z ...  )   
0.4

0.6

0.8

1.0

1.2

1.4

feature_6fm

1
2
3
4
5
6

at physical pointof ππ

3.  Other methods ? 
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