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— Quick review for Mathlib and Co-design in this study
o FfPL L E 22—
o f]7ZHEDTUVADD?EigenExaBFEZ H.OMZ

- TV r—ar i

— CA for the EigenExa project

— Co-desighE L T/ZD V. >TWSH)

RIKEN ADVANCED INSTITUTE FOR COMPUTATIONAL SCIENCE



Mathematical (numerical) library
— ————————

 Where is the position of Mathlib? System-software?
Middleware? applications?

RIKEN ¢ conpoter

User Applications

Environment tools :
mesh generator, matrix
partitioner, ordering

Domain Specific Language

Parallel-Lib : ScaLAPACK
Sequential-Lib : LAPACK

Middleware : MPI, lib-RDMA, lib-10 Basic Kernel : BLAS
OS : system software Hi/Low precision : QD
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 Fluent Users who change their code often
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* Beginners
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Way to Co-design
] —

Codesign:
to design jointly (Collins Dictionary)

Lars ALBINSSON, “... The Co-Design Scenario should therefore
include also other interactions, services and staff that might be
part of the overall concept. The wide scope of the CoDesign
Scenario allows the IT artifact to be designed in its context, and
other stakeholders’ perspectives to be considered, visualized and
explored in the design process. ...

Co-Design Scenarios help people be more innovative by letting
everyone explore ideas. This helps reduce the feeling of risk by
giving a clearer understanding of what the proposal really mean.
It also allows a nuanced critical thinking, in that objections can
also be explored and help improve the design, rather than just
rejecting it. ... “

I
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ﬁ éq Which is the Present Co-Design topology?
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e Hearing from the Strategic programs for innovative research (SPIRE);

e Life Science, climate science, material science, industrial field, elementary
science, etc.

Summary of enquires:

* Frequently used calculation (algorithms) and numerical libraries:
Basic Matrix calculation (GEMM, inversion) / BLAS, PBLAS, ScaLAPACK
Eigenvalue / ScaLAPACK, EigenExa
3D-FFT / custom-made, in-house codes, FFTW, FFTE
Random Number generator / custom-made, built-in function
System of linear eqgs. / no use of general numerical library, Direct linear solver, in-
house solver or embedded into the source code

* Not only real number but complex number

e Single-precision is applied to the part where accuracy is not required.

e For capacity computing, problem size is small, smaller than L2 cache.

Fortunately or Unfortunately,
top runners do not care about numerical libraries severely at the moment!

I
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o 797 N AYXL(Block algorithm) = cache awareness
— operational intensity®DE
— GEMM (80-90% DItk e —27)
o A4V 7 (Tiling) & cache and memory hierarchy
— 7Ty TNIVALD—FEIZH, 2RIT a7 DdT—54
LAT I DEFEZHES.

e A(1:NX,1:NY) = A(1:BX,1:BY, 1:NX/BX, 1:NY/BY)

Submatrix is contiguously stored in memory
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%3  Roofline model
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Recent trends of Optimization for LA

 Communication avoiding (= latency awareness)

— Communication is much expensive than any floating
point operations appearing a sequential code.

I
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R3, K computer

e K computer is the first 10PFLOPS supercomputer system, and it was
launched at September 2012 for the regular operation.

e Maximum 82,944 processors (SPARC64 VIlIfx, 2GHz*8cores/proc., totally
663,552cores on the system) interconnected with Tofu (6D torus/mesh)

* During the monthly special operation week (Z°or 3days), we a2 permitted
to submit full node jobs. 7 o =

©RIKEN

For further info. ..5*n://www.aics.riken.ijp/2.sK-computer/about/.

e So we must consider O(1)~O(100K) parallelism, very divergence.

e To conduct the numerical library group is very challenging, because
Programming cost increases rather than the before K was developed.

RIKEN ADVANCED INSTITUTE FOR COMPUTATIONAL SCIENCE
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Allreduce is an expensive operation
_ <—¢’

RIKEN ¢ conpoter

Benchmark of muti-MPI_Allreduce on K computer
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Recent trends of Optimization for LA
- ————

 Communication avoiding (= latency awareness)

— Communication is much expensive than any floating
point operations appearing a sequential code.

— Overlapping communication and calculation is well-
known and effective, but it is difficult. Its possibility
depends on data-dependency.

— Communication avoidance is another approach to
reduce communication overhead even if additional
calculations are induced.

— Followings are successful algorithms
e CAQR (Communication Avoiding QR decomposition)

e MPK (Matrix Powers Kernel)

RIKEN ADVANCED INSTITUTE FOR COMPUTATIONAL SCIENCE



RE
RIKEN i copr I— ——————————————
e TSQR=QR decomposition algorithm for a Tall-Skinny matrix

e W: m x b, m>>b (#rows is larger than #columns)
W is distributed in a row-block fashion

e Algorithm 1: Normal Householder QR
Q = Ep
for i =1 to b do o) — { ((Ol;i_l.;xi;n)—Irsign(Ha?H,x,,;)ei,ﬁ)
(0,1) (if [[z]| = 0)

[Q, Wi iv1s) = (I — Biuu] )[Q, Wi it 1)

to compute the norm of w_i

In each iteration, MPI_Allreduce is required L
RIKEN ADVANCED INSTITUTE FOR c¢ ¢ P 108 p (when with p processes)




R-3 . CAQR

RIKEN i conpucer - —
MPI_Allreduce or p-t-p comms are needed.
° : : :
In case of p=4 If binary-tree merge is applied,

oc log p (when with p processes)

I
1

= =

=

I
2

Algorithm 2: TS-QR

W =Wy War. .. W]

Qg = qr(Wy)

W'=[Ry; Ro:...: R

QR = (W) = [Q: Qb - QIR
Qq - QqQ;
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Recent trends of Optimization for LA
- <¢’
e Asynchronous algorithms (= less sync. higher parallelism)

by E. Chow and A. Patel, Fine-grained Parallel Incomplete LU
Factorization, SIAM J. Sci. Comp., 37, pp. C169-C193 (2015).

Preconditioning by Incomplete LU Factorization

- System of non-linear equations by asynchronous Element-by-
element updates

A = LTU — dj] —thukj =0

=2 F(x%*)=xk | converged by the fixed-point scheme
9

If an iterative method has a structure of contraction mapping, the
method converges.

e |terative method for solving a linear equation by hybrid Gauss-
Seidel+Jacobi is also available in an asynchronous fashion, and was
discussed in early 1990-2000s.

— 0Old and forgotten algorithm might be ...

RIKEN ADVANCED INSTITUTE FOR COMPUTATIONAL SCIENCE



Summary of Optimization for NA
B — e

e Block algorithm
e Tiling algorithm

— They are intended for ‘cache/memory hierarchy’
e Communication Avoiding algorithm

— Latency awareness

— A new principle like recurrent QR factorization is quite effective. Even the calculation
cost increases, we can pay the additional cost for the CA-based approach.

Similar issues “Synchronous Avoiding”, “Synchronous Reducing”, “Communication
Reducing”, also other concept of “Automatic-tuning”, are thought as helpful techniques.

e Asynchronous algorithm / task schedule
— For higher parallelism and scalability
— It conceals global synchronization costs.
— (Local or Remote) Atomic operations will be required.
— DAG-based approach in the PLASMA & DPLASM project
* Reproducibility
* Resiliency

I
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What are we going to do ?
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R3, EigenExa Project
RIKEN i computer I e —————————

e The standard eigenvalue solver for real-symmetric dense

matrices:
1. Block algoritnm
2. Communication Avoiding and asyncnronous algoritnm

http://www.aics.riken.jp/labs/lpnctrt/EigenExa_e.html
RIKEN ADVANCED INSTITUTE FOR COMPUTATIONAL SCIENCE
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ég A Large Simulation code developed at AICS
A o —

RIMEN «

 Grand challenge applications like a nano-material-science
simulation demand a high-performance eigenvalue solver.

Silicon nanowire

10648-atom cell of Si crystal and its electron density

RSDFT(Real Space Density Function Theory), by Y.Hasegawa, et al
@AICS.RIKEN, GBP winner, SC2011

RIKEN ADVANCED INSTITUTE FOR COMPUTATIONAL SCIENCE



ﬁ éq A Large Simulation code developed at AICS
Al et — «J

B SCF(Self-Consistent Field)
calculation
Diagonalization for a dense

matrix within a very short period and
very frequently

4
B Compute Band gap |

Silicon nanowire Eigenvalue computation for couple |
of modes with a large but very
sparse matrix

aowa, et al

RIKEN ADVANCED INSTITUTE FOR COMPUTATIONAL SCIENCE
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R3, EigenExa Project
RIKEN i computer I e —————————

e The standard eigenvalue solver for real-symmetric dense

matrices:
1. Block algoritnm
2. Communication Avoiding and asyncnronous algoritnm

http://www.aics.riken.jp/labs/lpnctrt/EigenExa_e.html
RIKEN ADVANCED INSTITUTE FOR COMPUTATIONAL SCIENCE



R3, EigenExa Project
RIKEN i compuer I ——————————————

e Poritng the EigenExa from K to other systems.

Exa-scale
System??

T2K
PC cluster

Sorry photo is ES2

SX-ACE @ U. Osaka

Photo from: % /
Photo from: ‘ - http://www.fz-
http://www.hpc.cmc.osaka-u.ac.jp/sx_ace_intro/ juelich.de/SharedDocs/Bilder/IAS/JSC/EN/galeries/JUQ

UEEN/juqueen-full.jpg
S
RIKEN ADVANCED INSTITUTE FOR COMPUTATIONAL SCIENCE
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EigenExa Project
S  ——— ==

e The standard eigenvalue solver for real-symmetric dense

Axr = \x

e Two big trends in HPC Numerical Linear Algebra are applied
1. Block algorithm
e Reduce memory transfer to overcome the wall of memory
2. Communication Avoiding and asynchronous algorithm

e Reduce times of data communication to overcome the wall of
network latency

e Consequently, Block algorithm results in CA

http://www.aics.riken.jp/labs/lpnctrt/EigenExa_e.html
RIKEN ADVANCED INSTITUTE FOR COMPUTATIONAL SCIENCE



AT HE A ET Y EigenExa
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ﬁ éq World Largest Dense Eigenvalue Computation
‘ — «J

e We have successfully solved a world largest-scale dense eigenvalue problem (one million
dimension) by EigenExa taking advantage of the overall nodes (82,944 processors) of K
computer in 3,464 seconds. Our EigenExa achieves 1.7 PFLOPS (16% of the K computer’s

peak performance). It is the world highest performance for solving an eigenvalue problem of
a dense matrix.

— :EigenExa — :ELPA — :ScalLAPACK

) :n = 1,000,000
EigenExa solves a world largest-scale
I . problem.

1000 F = : (1.7 PFLOPS, 16% of K computer’s

: theoretical peak performance)

10000 ¢

M :n=130,000

v" nis the dimension of problems.
v' 1 MPI process * 8 threads per node.
v Test matrices are randomly generated.

Execution Time [sec]

Specification of K computer
o e * Peak performance: 10.6 PFLOPS
8 32 128 512 2048 8192 32768 groas  Num.of Nodes: 82,944
The Number of Nodes e Performance/node: 128 GFLOPS
(One octa-core SPARC 64 VIlIfx)
* Network: Tofu interconnect (6D mesh-

torus)
RIKEN ADVANCED INSTITUTE FOR COMPUTATIONACSCIENCE




mRaAvEa—&RIZHITBEigenExaDERE (2015FE /T —42)

10000

1000
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/
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—_— "
]
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EigenExa
(eigen_sx)

J—K#(1mPIZZAatER/1/—K)

32 128 512 2048 8192 32768 82944

(full system)
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— L EEEREESAISNESL: H. Imachi and T. Hoshi, in press

( preprint: http://arxiv.org/abs/1504.06443)
: ScaLAPACK, EigenExa, ELPA( http://elpa.rzg.mpg.de/ )

HEF mTORRT—) T TANIZ., Oakleaftbintel-CPUT L THDTAEHY)

= oy — oz 30000
= A1005 RIT(TIL/—REtRE)ET, ( ieal parallelism)
BB RTATIITORRY — Tt AN
RDEEVILN—DLLE
w
(b}
( SEP solver Reducer ) E
A | ScaLAPACK  ScaLAPACK 0
B | EigenExa(sx) ScaLAPACK Q
C | ScaLAPACK ELPA L
D ELPA(2) ELPA _
E ELPA(1) ELPA EigenExa+ELPA T
F | EigenExa(s) ELPA 2009 G
G | EigenExa(sx) ELPA 025 10000
. H | EigenExa(sx) EigenExa(sx) | # Nodes
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K compudter [ —

Why are we concerned about communication cost?

NUM.OF.PROCESS= 82944 ( 288 288 )
NUM.OF.THREADS= 8
calc (u,beta) 503.0970594882965
mat-vec (Au) 1007.285000801086 661845.1244051798
2update (A-uv-vu) 117.4089198112488
5678160.294281102
calcv 0.000000000000000
v=v-(UV+VU)u  328.3385872840881
UV post reduction 0.6406571865081787
COMM_STAT
BCAST :: 424.3022489547729
REDUCE :: 928.1299135684967
REDIST :: 0.000000000000000
GATHER :: 78.28400993347168
TRD-BLK 1000000 1968.435860157013
677356.7583893638 GFLOPS
TRD-BLK-INFO 1000000 48
before PDSTEDC 0.1448299884796143
PDSTEDC 905.2210271358490
MY-REDIST1 1.544256925582886
MY-REDIST2 14.75343394279480
RERE1 4.861211776733398E-02
COMM_STAT
BCAST :: 4.860305786132812E-02
REDUCE :: 2.155399322509766E-02
REDIST :: 0.000000000000000
GATHER :: 0.000000000000000
PDGEMM 532.6731402873993 5417097.565200453
GFLOPS
D&C 921.8044028282166 3130319.580211733 GFLOPS
TRBAK=573.9026420116425
COMM= 533.7601048946381
573.9026420116425 3484911.644577213 GFLOPS
182.3303561210632 5484550.248648792 GFLOPS
152.0370917320251 6577342.335399065 GFLOPS
0.1022961139678955 7.379654884338379
COMM_STAT
BCAST :: 229.3666801452637
REDUCE :: 234.4477448463440
REDIST :: 0.000000000000000
GATHER :: 0.000000000000000
TRBAKWY 573.9029450416565
TRDBAK 1000000 573.9216639995575 3484796.141101135
GFLOPS
Total 3464.162075996399 1795203.448396145 GFLOPS
Matrix dimension = 1000000
Internally required memory = 480502032 [Byte]
Elapsed time = 3464.187163788010 [sec]

<—J

The World Largest Dense Eigenvalue Computation
Time Breakdown

W Bcast

We lost approximately 50% of

B Reduce
Gather .
m TRD.comp processing power!
B TRBK.bcast = TRBK 2 D&C
TRD.Reflector B TRD.AU(MVs)
B TRD.2k-update TRD.ComputeV

http://www.aics.riken.jp/labs/lpnctrt/EigenExa_e.html

RIKEN ADVANCED INSTITUTE FOR COMPUTATIONAL SCIENCE



ﬁ f?, Allreduce is an expensive operation
RIKEN computer [ ——————————————

* One of our concerns of Householder tridiagonalization is...
‘It needs tons of MPI_Allreduce operations’.

Benchmark of muti-MPI1_Allreduce on K computer

@ 16nodes M64nodes 256nodes X 1024nodes

300

ratige for the parallel
Householder tridiagonalization W X R

200 A X oKX X
X
[ \ XXXXXXXXX
XX

XX
150 XK R

><><X>< ._.-l...--—'-"'

X
100 ovvg x X X 7 xX ] <
X X _.-'Q . cetes S0 90000000

PURICE Y 2 28 04

time [microsec]

: ><><><‘=';<><><>< T geeee Sou woentTene
50; g PO g antdd
f” * TOO vast, startup cost is 25760 microseconds!
e ’ 0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

#messages (double)
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CA for Householder Tridiagonalization?

<—¢’

 Communication Avoiding for Householder transformation not by the idea like CAQR

— The key idea here is that to take advantage of the distributive law, data transform, esp.
collective communications are relieved from data dependency and make it possible to
combine them with other communications simultaneously.

Principles : Distributive Law && Exchange order && Introducing
the correction terms && Merge of couple of collective ops.

ENE

n(||ul, —(u,e))
ui=u-— se
v=Au
[Cu;Cv] = [UT; VT u
———

s =si

vi=v—(UCy +VCy

f =gy

vi=v—afu

A u
- u' 0
s = sign(y/s, —t)
[w,v] := [u,v] — s[e, d]
[Cu:Cyvig) =UT. VT 0Ty
v:i=v—(UCy +VCy)
f=g-2C{Cy

vi=1v—afu

u e
() 0

ot
0

4
N

v | d I'lo o

s 017 00|[Aluv Vv][ule

Co | olo 7 of|[w]o o o 0o

cvlvw | loloor||lutio o o 010

g | v oo ol Vvtio o o 0lo

v | an et |0 0 0
SW”—

[u,v] = [u,v] — sle,d]
[Cu:Cv] = [Cu: Cv] — slyuivv]
vi=v— (UCy +VCy)
f=g-2C}Cy — s(2v; — sa1y)

vi=wv—afu
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Preliminary results on K computer

We achieved a 15~25% time-reduction by only communication avoidance!
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Reduction of broadcast by CA is future work!!!
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e Codesign for Numerical libraries
e Easier Optimization Recipe
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— Roofline model
 The latest topics
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* EigenExa:

— World largest scale computing
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http://www.aics.riken.jp/labs/lpnctrt/projects.html
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