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31 Introduction'

e Schrodinger functional (Luscher et al,,,)
Z = (C;T|C;0) = [ D®e5[®]

e renormalization scheme
e finite box L% x T ~ L4

e Dirichlet boundary condition

AkleZO — Ck? Ak|w0:T — C],g?
1+

Pitplgg=0 = p, P_tlpgg=r=p"s P = 5

U

Renormalizable (Luscher et al, Sint)

e finite mass gap ~ 1/T




e A potential problem with Dirichlet BC = zero mode

® zero eigenvalue equation
L=v%Ydp+m)y = (v000+m)y =0
e under boundary condition

P_|go=0=0, Pi|g—7=0

P w P_w

o<— = ®—>0

[
O T

P = P_|_e—m:130 4 P_e—m(T—wO)

SF BC : Py ¢|zy=0 = 0, P_v|,,—7 = 0 = forbids zero mode
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e Wilson fermion (Sint)

e DBC < Wilson parameter » = +1

r
11— e ( (3)

- = Omg,mo+1 9 mono—l + Dy + (M +1)
D&% +M+1 _P_
= _P, D)+ M +1 _P_
— P, D)+ M +1
U

SF BC : P_|_¢|w0:0 = 0, P_’(,ble:T =0

e M > 0 to forbid zero mode solution

e Problem may become fatal in overlap Dirac operator
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e Overlap Dirac operator (Neuberger)

aD =1+ Dw

¢D%DW

1—7 L+~
2 uém,n—ku — 2 uém,n—u + (_M + 4)

Dy = —

Signature of r, M fixed to eliminate doubler
(forr=1; -1<1—M<K1)
= zero mode solution is allowed in Dy

SF BC : Py 4)|gg=0 = 0, P_)|y—7 = O

Y = P_(1— M)* + P, (1 — M)T—%0)

= non-locality = Dirichlet BC in Dy, does not work!



e Domain-wall fermion (Kaplan, Shamir)

1
DZ’YMVM—EAz—M
Dirichlet BC in 5-th direction
Pr|gs—0 =0, Pryly,=n, =0,
= zero mode solution in 5-th direction
Y = Pr(1— M)® + Pp(1 — M)"Nss)
(4)

M ~ smallest eigenvalue of 5Dy,

SF Dirichlet BC in temporal direction

P—|—¢|az0:0 = 0, P—¢|w0:T = 0,
(4)

— zero mode solution in Dyy/



32 Orbifolding'

e A criterion to introduce Dirichlet BC in Dgv, Dgws
e chiral symmetry breaking by BC : (1 + v0)¥|zy—=0
— generate mass gap

e field theory with BC < orbifolded field theory

orbifolding: S'/Z, /m

g <> —I0 T ° i

e Identification of fields by symmetry (projection)
— to break chiral symmetry
— to produce SF Dirichlet BC at fixed points



e Symmetry for field orbifolding

e time reversal symmetry
P — ivovsRY, P — PivoysR, Riyp(xo) = Y(—z0)
e chiral symmetry (massless theory)
Y — 175, P — Pivs
e anti-periodicity

Y(xzo + 2T) = —¢(x0), RYP(0) =v(0), RH(T) = —4(T)

e Orbifolding ¥(x) = —voRY(x), Y(x) =Y (x)yR

e SF Dirichlet BC at fixed points
(1 +7)%(0) =0, (1—)¥(T)=0
$(0)(1 —v) =0, P(T)(1+~)=0
e Orbifolded action

S = ZEDSF"p’ Dgyp = lD 9 I' =vR




e Comments
e Gauge fields (external fields) <= SF YM is well defined

orbifolding Ap(xg) = Ar(—x0), Ao(xg) = —Ao(—xp)
SF DBC Ag(0) =Ck, Ay(T) = Cl,c? (B0Ao(0) = 0)

e Mass term = should be consistent with orbifolding
{M(z), '} =0

M (x) = mn(x) T 5 T

e SF Dirac operator

14T 1—-T
Dsp =~ (D+mn(z)
Dgrp:Hy — H_, DgF cH_ — Hy

Hi ={¥|(1£T)y =0}




e Eigenvalue problem (free theory) (Sint)

1—T 1—T
D{yDgsr = T< 8% + m? — 2mg (8(wo) — 8(mo — T))) 5

DipDgpp = A2, (1+D)p =0, o(zo+T)=—1p(zo—T)
e Define ¥4 = H;ﬂw

Y4 (xo) = =Y+ (—z0); Y+(T + xo) = Y4 (T — z0)

7N
P+ = A(sinpozo)e?  ©
A =pg + p° + m? N
—T o T

e continuity at g =0,7T
e matching of 9py at xg =0,T

—80¢+‘T+€ = —2m¢+‘T+€ = tanpgl = —f::

2n+1

po = 57— m for m =0

9



e Propagator
1—T 1 1+ T

2 D+mn(x) 2
DgpGsyp = (1 +T')6(xo — yo) = 6(xo —yo) 0 < xzo,yo < T

(1+ ’Yo)GSFlzr;g:O = 0, (1— 'YO)GSFlszZT =0

Ggp = 2

e Massless free propagator
Tl +I 1 14T

Gse =20~ o5 = I/ (P,GL + P_Gp)
1 o0 1 i .
_ = (otPo(To—yo) _ ,iPo(To+yo)
GR(wano)—ZTn:Z_oopz (e 0{To—Yo0) _ &Po(T0 o>
_ = (ptPo(To—yo) ipo(To+Yo)
GL(ﬂUO,yo)—2Tn:2_oopz<e VTR o AL 0)
_2n—|—1
Po = T ™

— Coincides with that given by Luscher-Weisz
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33 Overlap Dirac operator|

1

aD = M |1+ Dw : (Neuberger)
\/DWDW

e time reversal symmetry

Y = iy RY, Y — YivovsR
Up(xg) = Up(—=x9), Up(xg) = Ug(—a:() — 1) (reflection)
Ur(0) = Wy, Ug(T)= W] (SF Dirichlet BC)

e chiral symmetry (Luscher)
Y = 50, Y = Pivs, Y5 = v5(1 —aD)

e anti-periodicity Y (xg + 2T) = —(xq)

e Orbifolding projection

¥(z) = —Tp(x), B(@)=P@)TI, [ =R, T =TI(1—aD)
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e Projection property
[ivsT, D] = 0, ~5D + D~v5 = aDvs5D

= TID+ DI =aDI'D, TI?=1%=1
e Orbifolding
(1+D)y =0, $(1—-T)=0 = SFBCina—0
e Physical quark qg= (1—-5D)y, q=71
(1+T)g=0, g(1-TI)=0

e Orbifolded action
1-T

2

1+T a

S =Y 9 Dgpy, Dsp = — (D + mn(xo) (1 — 2D))

e NoO index

trl =trl' =0 <« 2y, D] = 0
1+T 14T
<~
2 2
e DgqF is local

I' = u'Tu (u : local, unitary)
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e Eigenvalue problem

A

14T 1—-1T _
Dgp = T(D—I—mnu) Hi — H_
i
D _ _
D:( SF) . HiOH_ — HLOH_
Dgp

A

1-T

— 2
on \If_( 14T
2

Yvg €HLOH-

e Eigenvalue

sin
|4 |4
)\%‘/—:sinzpu—l—wz, W =—-M + >(1 — cospy)
A
tanpOT:——O
m

elna—0 )\2—>p(2)—|—ﬁ2—|—m2, tanpOTz—%
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e Free propagator
1—-T114T 1T 1 14T
5 + _ opf + +

Gepr —
SE 2 D 2 2 DDt 2
= DV (P,G[ + P_Ggp)
Gr(xzg,yg) = ! 3 1 <e’ip0(960—y0) _ e’ipo(«’lfo-i—yo))
2N ™ DDT(p)
1 1 ; .
_ Po(xo—yo) ipo(To+yo)
G1.(o, Yo) 2N > DD (p) (6 +e )

2 2

sin“ py, 9
+ M“ |1 —
Aty ( Ay

w, n=-—Np+1,---,Np

DD (p) = M?

_2n—|—1
PO= "N

e a — 0 limit

Ggp — Gont)
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e Phase of the determinant
e No v5; Hermiticity (D;F + '75DSF'75)

A

14+1I'_1-—-T

SF 2 9 ’ SF

1_FDT1+P
2 2

D{p = vsuDgpulvs
e Hilbert space
Dgp : 7‘AL_|_ —H_ = DSF’LLT"Y5 : H_ — H_

local, unitary

1+T 1+T
Dgpul~s = ;D’UJT% T
e Determinant in 4 _ subspace
14T 14T 1-T
det (D fuJT = det DuT
{%_}< SF ’75) ( V5 5 + >
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e Phase of the determinant

Dip = ysuDgpulys = (DSFUT’Y5>T = (vsu)? (Dgpulys)
e'? = Vdetu = 11 (1— a)\n)l/z
nc{+iysT}
1+ 2ysT 1 — 25
u = T (1 —aD) + 5
2 2
Dy = At (ivsT)pH) = +4(H)

D5 = Arvselt),  (isD)vsvl) = —ysuiH

(a) determinant is complex
(b) however phase is irrelevant O(a)
localized at the boundary (6 Indet u)
(c) Ny =2 = divide the det by detu = real & positive
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34 Domain-wall fermion'

- 1
S =53 (vMDM ~ D - M)¢+quq

11— L+
q = 2 ¢1 _I_ 2 ¢N5
e time reversal symmetry

Y = ivovsRPY, ¢ — PivoysRP, P =

e chiral symmetry (Furman-Shamir)
1 0
. _— _— 0 1
Y= —iQy, P PiQ, Q=|
O O

e anti-periodicity Y (xg + 2T) = —(xq)

- o O O

O = O O

o O = O

OO O =
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Orbifolding projection

Y(z) = AY(z), Y(z) =¢(x)A, A=1PQR
q(z) = —Tq(z), 4q(x)=q(z)l', I =R
Orbifolded action
1+ A 1+ A

S =Y ¥ Dgspvy, Dgp = 5 D 4wt 5
e 5 Hermiticity
1+ A 1+ A

DgF =5 D(Tiwf Ch P~5Dggvys P
Quark propagator

1—-T 1+T 1—-T 2 14T

q = q =(Ng — c0)=

(99) s 5 (qq) 5 (N5 ) 2 Dov 2

Overlap Dirac fermion propagator

1—-T 2 14T 14T 1—-T 1 14T
GSP = v +a v — 2 v
2 Dov 2 2 2 Doy 2
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35 Conclusion'

A potential problem of zero mode with Dirichlet BC.
Dirichlet BC in Dy, does not work for OD and DWEF.
A criterion to introduce Dirichlet BC in Dgvy, Dgwf

e chiral symmetry (GW relation) breaking

(14+v)%lo=0, (1—~)¢¥|lr=0

field theory with BC < orbifolded field theory

e time reversal symmetry

e chiral symmetry (massless theory)
e anti-periodicity

Orbifolded action

14T

_ a
S = ®Dspw, Dsp = D +mn(zo) 1D

2
e SF Dirichlet BC

e Classical level, eigenvalue and propagator

2

)

1—T
2

19



e (technical) Problem
(a) determinant is complex
(b) however phase is irrelevant O(a)
localized at the boundary (4 Indet u)
(c) Ny =2 = divide the det by detu = real & positive
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