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1. Introduction
mpa ~ 1 — 2 in quenched QCD
2 —3 in full QCD
e static approximation (mg — 0)

e NRQCD (1/mg expansion)

e nonrelativistic interpretation of Wilosn/SW results
(Fermilab interpretation)



relativistic approach
cutoff effects

(mga)”

(aAqcp)”

(mga)™ - (aNqcp)”

relativistic on-shell improvement in the massive case

Seff = Scont + ) ak/d4$04+k,z‘(g,mQa)04+k,i(fL‘)
k>1

— remove (mga)"a\Qcp errors

remaining cutoff effects are O((aAqcp)?)
a~1 ~ 3Gev, Aqcp ~ 300MeV — (aAqcp)? ~ 1%



extend Symanzik’s improvement program
to the massive case
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32. Relativistic on-shell improvement
cutoff effects

(mga)", (ahqcp)®s (mga)™ - (aAqcep)”

Wwe assume

fo(mga) > f1(mga)ahqcp > f2(mga)(aAqcp)? > -

fi(mga) have Taylor expansions around mga = O
Symanzik’'s improvement program

Seff = Scont + a’k/d4xc4—|—k,i(g)04—|—k,z’($)
ki>1



allowed operators with axis interchange symmetry

dim.3: 0O3z(x) = q(x)q(x)

dim.4:  Ou(z) = q(z)Pq(x)
dim.5:  Os.(z) = q(z)D5q(x)

OSb(fU) — i(i(w)auuFuuq(w)
dim.6:  Oga(z) = g(x)DJa(x)
Opp(z) = q(z) D5 Pq()

generic form of the improved quark action
SIMP = 3" [c303(x) + ca404(x) + 5,054(x) + c5,05p(z)
T
+c6406a(T) + c6pOpp () + -],



allowed operators with axis interchange symmetry

dim.3: 0O3z(x) = q(x)q(x)
dim.a:  O4(x) = §(=)Pa(a)
dim.5:  Os.(z) = @(z)D5q(z) — redundant

OSb(CU) — ié(w)auuFWq(w) — O(GAQCD)
dim.6: Og,(x) = ci(a:)qugq(w) still O((a/\QCD)Q) for mga ~ O(1)7

Ogp(x) = q(x) Dj;Pq(x) 9o ~ O(mq), 9; ~ O(Aqcp)

generic form of the improved quark action
SIMP = 3" [c303(x) + ca404(x) + 5,054(x) + c5,05p(z)
T
+c6406a(T) + c6pOpp () + -],



contribution of Og,(x) = ci(a:)quﬁq(w)

q(2)0D3a() = —(mga)*q(x)a(x)
—(mga)2q(z)v;Diq(x)
+a(mga)q(z) DZ2q(z) + O((Aqcpa)?).

a?7(z)70D3a(z) ~ O((ahqcp)?)
with eq. of motion: ygDg + v;D; +mg =0

expressed in terms of lower dimensional operators
— asymmetries with (mga)™ in coefficients

q(x)voDoq(z) < q(x)v;Diq(x)
7(@)v0Dga(x) < q(x)v;Diq(x)
axis interchange symmetry is not retained any more



general form of quark action for O(a/\QCD) improvement

SqR =3 mod(2)a(x) +a(x)10Doa(w) + 13 a()yiDia )

X
Trsa

——q(w)Doq(fL‘) — = Z g(z) D7 q(x)

—@cE z 1(@)o0iFoia(a) =~ cp Z q(2)o;Fijq(x) |

r¢ IS redundant
v, rs, cg, cg Should be adjusted in a mQa dependent way

v—1, rs —1r¢, cp — cp represent contributions from higher dimensional
ops. without space-time rotational symmetry
cf. r and rg are redundant in Fermilab approach



33. Determination of improvement coefficients
83-1. mga corrections at tree level

1R

. on-shell quantities(particle energies, scattering amplitudes, nor-
malized matrix elements of local composite fields between particle
states etc.) --." Liischer-Sint-Sommer-Weisz, NPB478(1996)365

v, rs, Cp, cg Can be determined by on-shell quark-quark scattering

continuum scattering amplitude should be reproduced
massless case done by Wohlert to determine cqyy



the on-shell improvement condition yields

0) _ Sinh(m](go))
1% = 0) ,

m
o) _ COSh(mZ(DO))—I—rtSinh(mZgO)) sinh(ngo))
Ts o = (O T (02

D mp

C%O) = Ttl/(o),
O = O

points
— 4 parameters are uniquely determined
— r¢ IS not fixed — consistent with redundancy

—v—1l rs—ry, cg—1, Cp— T forngo)—>o

Y
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inverting the Wilson-Dirac operator
S;H(p) = ivosin(po) + vi Y. visin(p;) + mo
i
+ri(1 — cos(pp)) + 75> (1 — cos(p;))
i

v, rs are determined by demanding

| | (0)
1 - — 132 Vil
Sq(P) = —753 “/0PO — % 2 P _(I_C);?;p 4+ (no pole terms) + O((p;a)?)
Zq p% + ZszQ + my

around the pole

speed of light (coeffs. of yopg & ~;p;) — v(9)

2
dispersion relation (E = ngo) + Zipz-z) R rgo)
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same results as the quark-quark scattering

V(O) _ sinh (m]()O))
(0
p

COSh(m](;O)) + rtsinh(ngo)) B sinh(ngo))

© ]
mz(?O) m}go)

Dirac spinor has a correct continuum form up to O((p;a)?)
necessary for correct on-shell matrix elements

next step is to determine v, rs, cg, cg at one-loop level

12



83-2. v(mga,g), rs(mga,g) at one-loop level
determined from quark propagator

Y @p
& . L o, T

up to one-loop level
S, (p,m) = ivosinpoll — g°Bo(p, m)] + vi Y v;sinp;[1 — g°B;(p, m)]

1

+m + 27 sin? (%) + 274 Z:Sin2 (%) — gQC(p, m)

with

mg — g°C(p = 0,m = 0)
C(p,m)—C(p=0,m=0)

3
[

C(p, m)
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parameter v = v(0) 4 ¢2,,(1)
adjust speed of light

sinh(myp)

v[1 — g?B;(p*,m)] = [1 — g% Bo(p*, m)]

mp
p* = (po = imyp,p; = 0)

0.20IIII|IIII|IIII|IIII|IIII
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parameter rs = {0 4 g2p(1)
dispersion relation

E = mg -I—F(V,Ts)ZPZ'Q ‘|‘O(pz4)

— F(y,rs) =1
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83-3. cp(mga,g), cg(mga,g) at one-loop level

cp, cgp from on-shell quark-quark scattering at tree level
—— extend to one-loop level
one possible strategy
Schrodinger functional with large quark mass?
unwilling to try

16



83-3. cp(mga,g), cg(mga,g) at one-loop level

cp, cgp from on-shell quark-quark scattering at tree level
—— extend to one-loop level
one possible strategy
Schrodinger functional with large quark mass?
unwilling to try

another strategy
consider ordinary PT with fictitious gluon mass as infrared regulator
we first test this method in massless case

16-a



determination of cg\y at tree level

q
P_—f]
7
p
_ Ay pud + qua
Vu(paQ) = —gT {ZV,M‘I'T 5 }

C
—gr T4 o (py — a)a+ O(a?)
14

Ua)Viulp, Dulp) = —gTa(@) (i + 5 (1 = esw) (pu + au)atu(p) +0(a”)
— cgyy = 1 at tree level
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one-loop diagrams

-y o
=0

consustent with prewous work (Wohlert, Liischer-Weisz)
cancellation of infrared divergences is not trivial

(g - (0))
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determination of clgl)

general form of off-shell vertex function at one-loop level
without space-time rotational symmetry

AD(p gm) = FF + 4 {pF5 + poFL} + {4FE + doFE}y,
+dVBFE + dvipoFE + doviBFE + vibobFo + ddoviFry
+(pi + @) [ HY + pHE + 4 HE 4 dp Hi|
+(pi — a) |G + PG5 + 4G5 + dpGh] + 0(a?)

with po = poyo0. g0 = 9070
charge conjugation symmetry demands

k _ ik k _ k k _ ik k _ k
FQ_F47 F3_F57 F7_F87 F9_F10
H5 = HE

Gh=GE=0, G5 =-G5
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Sandwiching A]gl)(p, g, m) by the on-shell quark states

ﬂ(Q)/\;(CD (p,q, m)u(p)] latt

= a(q)wu(p) {Ff + imp(F§ + F§) - m2rE) "
+ (i + ) a(@)ulp) {HY 4 imy(HS + HY) — m2HE) "
+(pr, — ap)i(@u(p) { G + imp(G5 + G5) — m}%gﬁ}latt + 0(a?)
withn pu(p) = impu(p), u(q)g = impu(q)

20



Sandwiching A]gl)(p, g, m) by the on-shell quark states

AP (p, ¢, m)u(p)| 2
— ) latt
= @) yu(p) {FF + imp(F§ + Ff) - m2FE)”
Z§Y

) | latt
+(px + ar)u(q)u(p) {H]f + imp(HS + HS) — m%Hﬁ} a
(1)
‘B

+(px — ap)i(@)u(p) {GF + imp(Gh + G5) - m2G51°" + 0(a?)
=0 by C.C.

withn pu(p) = impu(p), u(q)g = impu(q)
{H’f -+ ---}latt contains both O(a) and O(1/m)

20-a



do the same calculation in the continuum
— 1
()AL (p, ¢, m)u(p)|cont
= u(q)yrulp) {Ff + imp(F5 + Ff) — m2Fg
+(pi + aw)a(@u(p) { HY + imp(HE + HE) — m2 HY

subtract the physical contribution

}COI’lt

}cont

latt

p=p*,q=q*
0 ] cont

_ch : [Hlf + ’me(H]f + ng) - mﬁﬂﬂ

= |H{ + imp(H5 4+ HE) — mZ HJ|

with p* = (pg = imyp,p; = 0), ¢* = (g0 = @mp,q; = 0)

p=p*,q=q*

21
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cl(gl) IS increased — hyperfine splitting will be enhanced
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infrared divergence
cp, cg should be free from infrared divergence
three divergent diagrams

infrared divergences are cancelled out after summation
if and only if v(0) r§0>, cg)), cj(EO) are properly tuned
—— another evidence for validity of our formulation
4 parameters in the action should be properly tuned
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34. Improvement of the axial current
focus on the time component
form of improved operators

AT @) = 28 [3(2)1015Q () — g%k oF {a(2)vsQ ()}
—9°c1,95 {2(2)15Q ()} + O(g™M)]

O3 {7(2)15Q(2)} = F(2)75{00Q(2)} + {807 () }15Q(x)
95 {7(@)15Q(2)} = 7(x)75{00Q(x)} — {807 () }15Q(x)

in case of mg = myg, C;\o — 0 from charge conjugation symmetry

determination of Cio is quite similar to that of cp, cg
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general form of off-shell vertex function at one-loop level

/\(()15) (P, q, mp1, Mp2)
= 7075FT° +70758E5° + 41075 F5° + dhovspEg”
+(po — 90) [15GT° + 158GS° + ¢15G3° + 5P G2° |
+(po + 90) |15 HY? + 15pHS® + ds HS® + dryspHE> | 4 O(a?),

Y075

4 \P
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Sandwiching A]gl)(p, g, m) by the on-shell quark states

— 1
a()ASY (p, ¢, mp1, mp2)u(p)
= a(9)v0v5up) {F{® + imp1 F35 + impo F§® — mp1myn FR°

+(po — q0)a(q)u(p) {G9° + imy1G3° + imyGY® — my1myHGeo)
+(po + a0)a(@)r5u(p) {HY® + imyy HS® + imyp HY® — myyymyn HY® )
+0(a?)

with pu(p) = implu(p)r u(q)g = imeﬂ(Q)
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Sandwiching A]gl)(p, g, m) by the on-shell quark states

WUDNSE (0, ¢, mp1, myo)u(p)
= @(@)v0v5uP) {FP5 + imp1 FY5 + imyoF§5 — myimyoF95)
Dryoys 1N Z 4,
+(po — q0)a(g)u(p) {GF° + imy1G3° + imypGY® — my1myHGe° )
et 03 {a(2)15Q(2)}
+(po + a0)a(@)r5u(p) {HY® + imy1 HS® + imypHY® — myym,nHY® )
¢ 05 {a(2)75Q(x))

+0(a?)

with pu(p) = implu(p)r u(q)g = imeﬂ(Q)

26-a



{FP 4 -3, {G> + -}, {HY® + -} contain both O(a) and O(1/m)

subtract the continuum counter part
05 latt 05 t
Am75 — {Fl _|_...}a _ {Fl _I_H_}con
{GC1)5 + .. .}Iatt _ {GC1)5 4 .. .}cont
icy, = (H5 4 .. ylatt _ 05 4 . ycont

should be independent of infrared divergences

27



0.050
heavy-light case 0045

0.040 |

red : plaquette |
blue : Iwasaki 002

+ §
small values for Ay, CAq 002}

O(a) improvement of V, Vi, Ag, A is done for H-H and H-L cases
see hep-lat/0401030
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5. Numerical simulations

35-1. test of the action in quenched QCD
check restoration of space-time symmetry

— dispersion relation of H-H and H-L mesons

J E(ps)? — E(0)?
Ceff —

2
D5
— H-L PS meson decay constant from Ag and Ag

(O|AZ|PS) E

R=1 = :
(0lAZPS) |ps|

ceff @aNd R should be 1 in the continuum limit

29



simulation parameters

quenched, 243 x 48, #conf.=300
plaguette gauge action @ 8 = 5.9, a(rg) ~ 0.1fm
Iwasaki gauge action @ 8 = 2.6, a(rg) ~ 0.1fm

light quarks : SW with nonperturbative cqyy
heavy quarks (A) : v, rs, cg, cg up to one-loop level

cp/p = {cp p(mga) — cg/p(0)} + c3
cover charm quark mass

heavy quarks (B) : SW with nonperturbative cg\y for comparison
axial currents : mass dependently improved up to one-loop level

30



Plaguette
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clear improvement

over the clover heavy quark action



$5-2. Preliminary results of Ny =2 QCD
simulation parameters PRD65(2002)054505

Iwasaki gauge action

4 sea quark masses with mean-field improved SW
=195 163 x 32 a(rg) ~0.15fm #conf.=400

B=121 243 x48 a(rg) ~0.11fm #conf.=200

light quarks : mean-field improved SW
heavy quarks : same as quenched calculation
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expected leading scaling violation:

O(f2(mga)(ahqcp)?) or O(f1(mga)g*arqcep)
a bit surprising is f1 o look linear beyond mgpa =1



Charmonium S-state hyperfine splitting

0.12 1 : : :
i % expt. ]
x  Nf=0, Aniso
A Nf=0,Plg, M,
o1l A NE=O,Plg, M, E B
— O Nf=0, RG, Mkin
> 0 Nf=0,RG,M .
o | ® Ni=2,M ]
S Y Nf:2,Mpole
3 b e
0.08|— .
E 3 . |
0'06 | 1 | 1 | 1 |
0 0.05 0.1 0.15

dynamical quark effects?

—— need more scaling study for Np=0 and 2
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| I | I I I |
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possibility of reliable continuum extrapolation with fp_(A4) and fp (Ag)
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35. Summary

e general form of quark action

SimP =} moé(w)q(w)+q‘(a:)'yoDo(J(:v)+VZ§(:U)%D7;Q(:B)

T
r+Q rsa

——Q(:I:)DOQ(rI:) - — Z g(z)DZq(x)

19a
———c

> L a(=)o0il () - Wl ep > @) Fia()]

]
ry IS redundant
v, rs, cg, cg Should be adjusted
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e 4 parameters in the action are determined up to one-loop level

massless cqyy using the ordinary PT with fictitious gluon mass
— extend to cp, cp in the massive case

e O(a) improvement of the vector and axial vector currents
up to one-loop level

e numerical study shows encouraging results
dynamical quark effects?—— need more scaling study
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ongoing project

e renormalization and improvement of four-fermi ops.

e numerical calculation of H-H and H-L meson spectrum, decay
constants, form factors in Nf =2 QCD

next plan

e detailed scaling study in quenched QCD
e nonperturbative determination of v, rs, cg, cp

e numerical calculation in Nf = 3 QCD
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