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Chiral Breaking Operator For Overlap

Approximate Ginsparg-Wilson relation:

WSDOU(O)‘|‘D0v(0>75—2D0v(0)V5D0'0(O) = 27547,

vr = 11— <L (n)) /

Breaking term in Neother theorem: /

(1—m) " 16(p Doy (m)vp) = mgib(v5+75)+20y5 ALy
mq =m/(1-m) and A5 =v5(1-2Dg) = —e(H)

Chiral breaking operator, A, (x,y), is“local”, not ultralocal.




Overlap Solutionsto GW Relation

1 4+ 1 —
Doy(m) = T = g er[vsD(Ms)]

]

GOALS OF DOMAIN WALL IMPLEMENTATION
!

e Best choicesfor 4-d “kernel”: / H "™ y: D(Mg)

» Best approx of sign function: €, [X]| " X/|X|
e Define Chiral breaking : A [H] = (1 - €2 [H])/4




D,iicon(-4) Free Eigenvalues
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1-¢[x] a L,=16 (polar) vs 8 (Zolotarev)

abs(1-eps| (x))

Polar 'De'c'ofn'position |
Zolotarev Polynomials -
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What is the best way to exploit the 5" time axis?
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DW Construction: Shamir vs Boricl

as Dy (Ms)
2 —|— CL5Dw(M5)

or Borici: D(M5) = CL5Dw(M5)

wher e the standard Wilson 4-d operator is

Shamir: D(Msg) =

4
Du(M) = (4+Ms)oey = > (A=) Un(@)0r 4y + A4S 1)1 4
pu=1

Implies

T—Ls _ 1 1 — H

H] = with T = CH=~sD(M
er,[H] T r1 I 5D (M)




Mobius Generalization

a—+ b Dy(—1)
¢+ d Dy(—1)

(bs + c5) Dw(Ms)

DMobius(MS) —

2 + (bs — ¢5)Dy(Ms)

Parameters: M., a, =b:. —c; and scale: o = b: + C;

* M. setsthezerofor H=vy: D(M)
* a- movesthe doublersdown

» NEW a sidesev. inthewindow 1 —g, [H]




Domain Wall Implementation

DEW =

L. £L, DW Matrix:

pM p®p. o —mpMp,
0 p®p, D 0
—mD¥)p_ 0 0 i

with L* Wilson Operators:

DY) = bs w;Dw(M)+1, DY = c5 w;Dy(M) 1

7

P

2(1

+ v5)

(o; = 1, except for Chiu’s Zolotarev form)



Mobius generalization of Shamir/Boricl

s=1

s=2

O

s=3

(M)
N\

X +pu

Y D+ A
D D
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Shamir: b =&, c.=0

Borici: b, =c; = &

Dy =bsDy(M)+1, D_ = cgDy(M) — 1




Standard LDU =» 4-d Overlap Form

Define Boundary fieldsat s=1, L

qaj — P—Wm’l P—|—w$,L3
— — 1 _ LS
y — _[wlD(_ )]yP_|_ — [\VLSD(_ )]yP_
_ 1 _
<q$qy> — 1 [Dovl (m) — 1]339
— m

Doy = Dy H(1)Da(m) = |

14+ m

1—m T Ls_1

2

—Ls — m—1p—1 ~1
Where T — T]_ T2 ° .TLS
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Edwards & Heller use “ Standard” UDL decomposition

'"DPWp =U D L(m)’

DPW P =[vQ_UQ™Y Q-

Step #1: Prepare the Pivots by Permute Columns

[L(m)]

Orr OO
R O OO




Step #2: Do Gaussian Elimination to get U matrix

R U M Pl ats P P
O 1 —T_% —T% 1’3
U = 2 2 13
O O 1 —T3
O O 0 1
Step #3 Back substitution to get L matrix
| —1 0 0 0]
1—1
L(m) = —T2 —TI?' —T14 C 1 0 O
| Tpley 001

where Q! = Diagl(QM)"1(@@)1(Q®) "1 (™)1

Q&S) = ’Y5[D(_S)P_|_ -+ D$)P_] c. =P_—mPy

Q(S) — 75[D$)P+ D(_S)P—] cy =Py —mP_




Generalized y- Hermiticity and All That

 Toget al the niceidentities for Borici, Chiu and Mobius

DDW:D— XEDV[/E

'p® o0 0o o pM/p!Y P 0 —mPy
o p@ o o p, 0¥/ P 0
o o p® o |~ 0 p, D¥/D® P
o o o DW] _mP_ 0 P, DY@

So RD_~g acts like the DW "gamma 5"




Standard Even/Odd = 5d Checker board

s=1 s=2 s=3 s=L_s
O O O
X +pu O C

O

Q

Fails for Borici Form b, >0



Modified Even/Odd =2 4-d Checkerboard

s=1 $=2 s=3 s=L_s
O O O O G
X +pu
X O O O
X - u
Q O QO ) C




Even/Odd Partition of Matrix

.
I.e DDW

D’U}(M) — DDW/ IOO
i o€

| . and |, SHOULD be simple to invert

The Schur decomposition

_ 1 07 ILe 0 1 It D
Du(M) = [ DDW' -1 1” 0 IOO—D(%WIeeD!%W] [0 .

DW - —1DW y—1 DW
D 1 _Ioo Doe Iee Deo

preconditioned —

On 162 x 32, B = 6.0 lattice
e For Shamir: Both 4-d & 5-d Even/Odd give» 2.7 speed up.
e For Borici: Even/Odd gives » 2.7 speed up




Ward Takashi Identity For Domain Wall

AMJZ’DW($> = 2m gz A" v5qz + QQxWSAaQ:B

Noether’ s Theorem:
Rotate LEFT exp[i 6,] & RIGHT exp[-i 6,]

| sthisbreaking term UNIQUE?
|sit the sameasthe overlap operatorsA, (x)?

Nice Definition of Overlap Axial Current:

<J,u(=’17>¢ylzz>c = (1 — m)<J£W($)Qy§z>c



a.

s=2

Split Screen Correlators

S=

\\OZ




Split Screen Propagators

71 ...l
_ 1 L —1
Qs7) = —=F D! (m)
O = y
(qQs) = Do_vl(m)%l_I_T_LS[Tfl---Ts_lhs

where s= M plane

QS — P_\US_|_1 _I_ P_|_\|f3
= - Ls/2+1 -
QS — _w3—|—1D(_ /2+ )P_|_ — WL/QD(_S)P_

Yifs = Ls/2: 15(Qs3)"v5 = (¢Qs)

(See Kikukawa and Noguchi, hep-1at/99902022)



M easuring the Operator A .

(use Plateau region away from sources)

Zx<@t,az’YSQt,aj QOfYSQO>C
(1 —m)2 > (G 2V59 .2 T07590)c

Mres(t) =

Sum over t =» Measure Matrix element of A, operator

. 11
. [?L[gm v Dov ] =% o) A1)

A >in the Eigen basisof H =y, D(-M)




Model for m, dependenceon L

Mres = Z p(A) A (M) H(A) = (A|Gou Gl ’U|)\> >0
by Z)\<>‘|GOUGOU|)\>

4
2+ BT R T
= e L1alAHN/A-NT - for (2 71) < A < O(L)

ArL(A) = (AAL(H)IN) =

Scaling Model: Assume that p(1) has negligible dependence on oo and L

Mires ™ / dn(A) p(A) A (a))



Derivation:

>+ {QzYv5RQz 0V590)¢

Myres — — — —
(1 —m)? 3, (GrY59z T0Y590)c
>z Tr[(Qzq0) ’75<QOQ$>’75] — 2z TT[A§y<qy§O> <qzaO>TA£x
(1-— m)2 >z Trl{gzq0) v5(q0qz)V5] >z Tr{azq0) <Q$§O>T]

— — _ —1 -
_ 2y(@7582yqy d07590) _ Tr[AL D DL _ {OlgvsAg|m)
> 2{@x V59 G0Y590) TriDsl DI Y (0]gysq|m)

(Tpejoq1-Tr) "t (T1.Tp,2) "
1+17Ls 14T Ls
Tt 1 _

(14+7T-Ls)2 24 TLs 4 T-Ls

where

ALAR

AY S



M. . 1S Good Measure of Chiral Symmetry

* M, . Isindependent of Placement of Split Screen
* A, Islocal positive definite operator.

e M. =0=> GW and Chiral Symmetry isEXACT
* Low energy matrix elements of A, correct the

effective Chiral Lagrangian. To leading O(a) this
ISajust a shift in the quark mass.




Preliminary Performance Tests

« 20NERSC Gauge lattices: 165x 32 at = 6.0
* Set m, =0.06 for Shamir (a; =1, M5 = 1.8)
 Asyouvary M; and o = b +c; tofixed m_
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Future Refinements and Projects

Further tuning in M., a; and scal e parameters
Heuristic for m . Error |1- ¢ (A)|for loweste. v. ?
Test on HMC Lattices (RBC collaboration)

Next to nearest neighbor ?

Multi-gridin L. ? (with C. Rebbi & David Keyes)




L.=16, a =23
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log(mres)

Low Statistics Large L, Behavior
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